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Abstract

Conformal prediction (CP) provides a comprehensive framework

to produce statistically rigorous uncertainty sets for black-box ma-

chine learning models. To further improve the efficiency, conformal

correction extends standard CP by wrapping the base model with

an extra module. In this work, we empirically and theoretically

identify a trade-off in conformal prediction: its efficiency is at odds

with the entropy of model prediction. We further observe that exist-

ing conformal correction methods are essentially trading entropy

for efficiency. Based on the above observations, we then propose an

entropy-constrained conformal correction method, better explor-

ing the Pareto frontier between efficiency and entropy. Extensive

experimental results on both computer vision and graph datasets

demonstrate the efficacy of the proposed method. For instance, it

can significantly improve the efficiency of state-of-the-art CP meth-

ods by up to 34.4%, given an entropy threshold. An implementation

of our conformal correction approach can be accessed at the fol-

lowing link: https://github.com/Xusr1123/Conformal-Correction.
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1 Introduction

For a decision-making process driven by machine learning (e.g.,

loan approval [38], fraud detection [32]), it is essential for the pre-

dictions to be accompanied by a level of confidence to quantify

uncertainty [40, 48]. Conformal prediction (CP) is a promising un-

certainty quantification method, providing statistically rigorous

uncertainty sets for black-boxmachine learningmodels [3, 9, 41, 42].

In standard classification, for any test input 𝑥 , the posterior dis-

tribution 𝜋̃𝑦 (𝑥) = 𝑃 (𝑌 = 𝑦 | 𝑋 = 𝑥) on classes [𝐾] := {1, · · · , 𝐾}
is calculated. Conformal prediction leverages an additional cali-

bration step to guarantee a user-specified (marginal) coverage: by

producing a prediction set C(𝑥) ⊆ [𝐾], it guarantees the true class
of 𝑥 is included in C(𝑥) with a user-chosen probability, when the

calibration samples are exchangeable with the test samples.

Currently, the main focus of CP is to improve the efficiency, i.e.,

reduce the size of the prediction set. This set essentially measures

how many choices we need to consider (the first-level uncertainty).

A recent progress in CP introduces extra training on the base model.

For example, Bellotti [5] proposes the notion of conformal training

and Stutz et al. [43] simulate the conformal prediction process dur-

ing training; this approach is further extended to graph-structure

data [20] by introducing an adapter, which performs an additional

conformal-aware training step based on the fixed base model. We

refer to this emerging class of approaches as conformal correction.1

To be more concrete, given a base classifier𝑀 , we can obtain a con-

formal adapter𝑀 , which takes 𝜋̃ (𝑥) from𝑀 as input and outputs

𝜋 (𝑥), together with C(𝑥) typically of a smaller size.

In this work, we argue that, in addition to efficiency, the probabil-

ity distribution within the prediction set also matters. For example,

the entropy of the prediction set measures how certain we are about

C(𝑥) or the top-choices in C(𝑥) (the second-level uncertainty). Con-
sider the following example where a patient is presented with a

fever symptom, and two prediction sets are obtained from two

machine learning models: A: {Leukemia, Rheumatism, Influenza}

1
In this paper, we adopt the latter setting as the conformal adapter only needs the

output distribution of the base model (as input), which is more akin to traditional CP (in

the sense that it is decoupled from the base model), and thus has broader applications

in practice.
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Figure 1: Pareto frontier between inefficiency and entropy.

For both of them, the lower, the better. Given an entropy

threshold, situation B is better than situation A.

with predictive probabilities 0.3, 0.3, and 0.3, and B: {Leukemia,
Rheumatism, Influenza} with predictive probabilities 0.1, 0.1, and

0.7. These two sets share the same size (efficiency) but convey very

different second-level uncertainty. For set A, doctors may need to

investigate all three diseases due to the equal confidence, while set

B naturally prioritizes Influenza for initial examination.

The above example demonstrates that, beyond efficiency, the

prediction set should be as informative as possible. However, we

observe that existing conformal correction methods typically trade

the entropy of the prediction 𝜋 (𝑥) for better efficiency. That is,

while the average size of C(𝑥) may be smaller, the corresponding

prediction entropy increases, indicating that the prediction becomes

more uncertain.
To be more specific, our experiments on CIFAR100 show that:

(1) when the accuracy converges (e.g., after the 25-th epoch in

Fig. 2(a)), the average size of prediction sets increases as the predic-

tion entropy decreases; (2) a conformal correction method based

on temperature scaling indeed trades entropy for better efficiency

(cf. Fig. 3(a)). We further confirm the finding by showing that, for

APS [36], the expected size of CP sets can be upper-bounded by the

negative entropy (plus some positive constant; cf. Theorem 3 for a

precise account). This gives theoretical evidence that the efficiency

of CP sets produced by APS is at odds with the prediction entropy.

The trade-off between efficiency and entropy entails a Pareto

perspective on CP, where different Pareto optima form a Pareto

frontier as shown in Fig. 1. Conformal correction can thus be viewed

as a traversal of the Pareto frontier. Technically, one can reduce the

inefficiency significantly, but at the cost of an increased entropy,

rendering such a reduction less meaningful. Instead, we argue that

seeking for a better Pareto frontier is more crucial for conformal cor-

rection than simply adapting the trade-off. To this end, we propose

a new method, i.e., entropy-constrained conformal correction

(EC
3
) to ameliorate the trade-off by controlling the entropy of con-

formal adapters via focal loss [31] and temperature scaling [14].

We conduct extensive experiments on computer vision (CV) and

graph datasets to evaluate the effectiveness of EC
3
. The results show

that our method can outperform the competitors by up to 34.4%

in terms of efficiency given an entropy threshold; the qualitative

analysis also indicates that our method can locate better Pareto

optimality with strong control over themodel entropy. Furthermore,

when EC
3
is adapted to provide (stronger) conditional coverage,

it can significantly improve, for instance, the class coverage from

0.77 to 0.83 (for the CV dataset) and from 0.74 to 0.85 (for the graph

dataset), respectively.

To summarize, the main contributions of the paper are: (1) we

identify a trade-off between efficiency and prediction entropy in CP,

which has not been fully investigated before, both empirically and

theoretically; (2) we propose a new conformal correction method

based on entropy control to improve the efficiency of CP, the effec-

tiveness of which is confirmed by extensive experiments.

2 Preliminary

Notations.We focus on multiclass classification (with 𝐾 classes).

Assume 𝐷 = {(𝑋𝑖 , 𝑌𝑖 )}𝑛+1

𝑖=1
of i.i.d. (or simply exchangeable) obser-

vations sampled from an (unknown) testing distribution 𝑃𝑋𝑌 . We

denote the (oracle) conditional distribution 𝑃𝑌 |𝑋 by 𝜋𝑦 (𝑥) = 𝑃 (𝑌 =

𝑦 | 𝑋 = 𝑥). Furthermore, a black-box base classifier undergoes

adapting to prescribe prediction 𝜋𝑦 (𝑥). The prediction entropy is

defined as 𝐻 (𝜋 (𝑥)) := −∑𝐾
𝑘=1

𝜋𝑘 (𝑥) log𝜋𝑘 (𝑥).
CP Framework. Given 𝐷cal = {(𝑋𝑖 , 𝑌𝑖 )}𝑛𝑖=1

as the calibration set

and a user-defined miscoverage rate 𝛼 ∈ (0, 1), CP typically pro-

ceeds in the following three steps:

(1) Non-conformity score definition. CP first heuristically defines

a non-conformity score function 𝑉 (𝑥,𝑦), which indicates how the

class 𝑦 conforms to the predictive result 𝜋 (𝑥) = [𝜋1 (𝑥), . . . , 𝜋𝐾 (𝑥)].
For example, the non-conformity score 𝑉 (𝑥,𝑦) can be defined as

the sum of the probabilities of all 𝐾 classes in 𝜋 (𝑥) except class 𝑦.
(2) Uncertainty calibration. CP then evaluates the non-conformity

score for each data point (𝑋𝑖 , 𝑌𝑖 ) ∈ 𝐷cal, resulting in the non-

conformity score set {𝑉 (𝑋𝑖 , 𝑌𝑖 )}𝑛𝑖=1
. Subsequently, it sets a threshold

𝜂 as its (1 − 𝛼) (1 + 1/𝑛)-quantile.
(3) Prediction set construction. For a new sample 𝑋𝑛+1, conformal

prediction computes the corresponding prediction set by C(𝑋𝑛+1) =
{𝑦 ∈ [𝐾] | 𝑉 (𝑋𝑛+1, 𝑦) ≤ 𝜂}.

Traditional CP is model-agnostic, as it only requires prediction

from the base model. Moreover, various non-conformity scores

can be used to instantiate the framework [2, 36]. For instance, the

Adaptive Prediction Set (APS) [36] first sorts the predicted results in

descending order, i.e., 𝜋 (1) (𝑥) ≥ 𝜋 (2) (𝑥) ≥ · · · ≥ 𝜋 (𝑘 ) (𝑥). The non-
conformity score is then defined by the cumulative probabilities

from the most likely class to the observed class 𝑦 in the calibration

step, i.e., 𝑉 (𝑥,𝑦) =∑𝑦

𝑖=1
𝜋 (𝑖 ) (𝑥).

CP Evaluation. Traditional methods evaluate the quality of predic-

tion sets in terms of two dimensions, i.e., efficiency and coverage.

(In)efficiency captures the average size of the prediction sets, i.e.,

E( |C(𝑋𝑛+1) |); for inefficiency, the smaller, the better. For coverage,

CP ensures the marginal coverage, viz., the true class 𝑌𝑛+1 is in

C(𝑋𝑛+1) with a probability of at least 1 − 𝛼 , i.e.,

𝑃 (𝑌𝑛+1 ∈ C(𝑋𝑛+1)) ≥ 1 − 𝛼.

In certain cases, we also expect the conditional coverage to ex-

ceed 1 − 𝛼 for each 𝑥 , i.e., 𝑃 (𝑌𝑛+1 ∈ C(𝑥) | 𝑋𝑛+1 = 𝑥) ≥ 1 −
𝛼. In this work, we focus on adaptive conformal prediction ap-

proaches [2, 19, 36], which uniquely account for conditional cover-

age in classification [40].
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3 Efficiency and Entropy Trade-off

In this section, we explore the trade-off between efficiency and

entropy in conformal prediction, both empirically and theoretically.

Existing work [20, 43] has demonstrated that conformal cor-

rection can significantly reduce the sizes of CP sets. To this end,

various sorting-smooth techniques [6, 34] are employed to encode

the size of CP sets in the loss function. The general optimization

objective for conformal correction can be formulated as

minL𝑓 := Lclass + 𝛽 · Lineff, (1)

where Lclass is the standard cross-entropy loss function for classifi-

cation, Lineff is the inefficiency loss function aiming to reduce the

prediction set size, and 𝛽 is a hyperparameter.

Empirical Observations. Eq. (1) integrates inefficiency and clas-

sification losses by a weighted sum. However, a critical issue is

whether the two losses, Lclass and Lineff, can achieve their minima

simultaneously. To explore this problem, we train a classifier only

using Lclass and plot the test curves of accuracy, efficiency, and

entropy in Fig. 2(a) and 2(b). An interesting observation is that

the accuracy and efficiency increase together while the entropy

decreases during the initial training stage. When the accuracy con-

verges, as the entropy of the models drops (meaning the model

becomes more certain), the efficiency decreases (i.e., the average set

size gets bigger). This phenomenon suggests a trade-off between

efficiency and entropy may exist when the model is fully trained.

Theoretical Explanations. We confirm the empirical observation

by analyzing the impact of prediction entropy on CP efficiency in

the context of APS, which is the most classic adaptive conformal

prediction method. We first define the average non-conformity

score

𝑉 (𝜋 (𝑥)) = 1

𝐾

𝐾∑︁
𝑖=1

𝑉 (𝜋 (𝑥), 𝑖),

where 𝑉 (𝜋 (𝑥), 𝑖) refers to the APS non-conformity score of the

i-th class. The average non-conformity score indicates the overall

performance of the predictive result 𝜋 (𝑥) conforming to the class

set [𝐾]. Then, we establish a relationship between the average non-

conformity score 𝑉 (𝜋 (𝑥)) and the prediction entropy 𝐻 (𝜋 (𝑥)).

Proposition 1. For a given sample point 𝑥 and the correspond-
ing predictive distribution 𝜋 (𝑥), the average non-conformity score is
upper-bounded by the prediction entropy. Namely,

𝑉 (𝜋 (𝑥)) ≤ min(𝐶𝐾 + 1 − 𝐻 (𝜋 (𝑥)), 1 + 𝐻 (𝜋 (𝑥))),

with constant 𝐶𝐾 := log

( ∑𝐾
𝑘=1

exp(−𝑘−1

𝐾
)
)
.

The proof is given in Appendix A.1. Additionally, we use binary

classification (𝐾 = 2) to illustrate this proposition by plotting the

curves of 𝑉 (𝜋 (𝑥)) and its two upper bounds in Fig. 2(c). In this

case, the entropy 𝐻 (𝜋 (𝑥)) is determined by 𝜋 (1) (𝑥) as 𝜋 (2) (𝑥) =
1 − 𝜋 (1) (𝑥) and 𝜋 (1) (𝑥) ≥ 𝜋 (2) (𝑥). It can be observed that, with

the decrease of entropy 𝐻 (𝜋 (𝑥)), the tighter bound shifts from

𝐶𝐾 + 1 − 𝐻 (𝜋 (𝑥)) (the orange curve) to 1 + 𝐻 (𝜋 (𝑥)) (the blue

curve).

Proposition 1 illustrates the relationship between the average

non-conformity score and the entropy of model prediction. More-

over, the derived analysis is consistent with our empirical obser-

vation: when the entropy 𝐻 (𝜋 (𝑥)) is sufficiently small, the aver-

age non-conformity is bounded by 1 + 𝐻 (𝜋 (𝑥)), allowing them

to increase simultaneously. However, as 𝐻 (𝜋 (𝑥)) becomes larger,

𝐶𝐾 + 1 − 𝐻 (𝜋 (𝑥)) becomes the tighter bound, which would pro-

hibit the average non-conformity score from growing, leading to a

trade-off in between.

Next, we extend the upper bound to the (1 − 𝛼)-quantile 𝜂.

Proposition 2. Given a sample subset C𝜂 := {(𝑋,𝑌 ) | 𝑉 (𝑋,𝑌 ) ≥
𝜂} in 𝐷 , the (1 − 𝛼)-quantile 𝜂 is upper bounded

𝜂 ≤ E[𝑉 (𝑋 ) | C𝜂] +𝐶 (𝜋,𝐾 ) + 𝜏,

with the probability at least 1 − exp(− 2𝛼𝜏2𝑛

(1−𝜂 )2
), where 𝑛 is the size of

the calibration set, 𝜏 is a positive constant, and the constant𝐶 (𝜋,𝐾 ) :=

E[
√︁

2(log(𝐾) − 𝐻 (𝜋 (𝑋 ))) | C𝜂].

The proof is given in Appendix A.2. Note that as 𝑛 increases,

1 − exp(− 2𝛼𝜏2𝑛

(1−𝜂 )2
) tends to 1. Moreover, as the second term and

third term of the upper bound are both constants, Proposition 2

effectively bounds 𝜂 by the average non-conformity score 𝑉 (𝑋 )
from a sample subset C𝜂 .

By combining Proposition 1 and Proposition 2, we can finally

establish the trade-off between the expected size of conformal pre-

diction sets E[|C(𝑋 ) |] and the entropy of model prediction.

Theorem 3. Let 𝜇 = P
(
𝐻 (𝜋 (𝑋 )) ≥ 1

2
𝐶𝐾 | C𝜂

)
. We have that

E[|C(𝑋 ) |] ≤ 𝐾 (1 − 𝛼) (1 − 2𝜇)E[𝐻 (𝜋 (𝑥)) | C𝜂]︸                                        ︷︷                                        ︸
(★)

+O(𝐾) .

The proof is provided in Appendix A.3.

Remark 4. By Theorem 3, we can see that, when 𝜇 ≥ 1

2
(i.e.,

the entropy of a majority of 𝑥 in the subset C𝜂 is greater than

1

2
𝐶𝐾 ), 1 − 2𝜇 < 0 holds and so does term (★), which entails that

E( |C(𝑋 ) |) is at odds with the expected entropy E[𝐻 (𝜋 (𝑥)) | C𝜂].
Otherwise, the term (★) is positive, allowing a potential synergy

between efficiency and entropy.

Intuitively, for APS, the trade-off between efficiency and entropy

will be present when the entropy is sufficiently large (roughly,

greater than
1

2
𝐶𝐾 ). It is not hard to see that

1

2
𝐶𝐾 is a monotonically

increasing function in 𝐾 . This suggests that, when 𝐾 is relatively

small, the interval [0, 1

2
𝐶𝐾 ] is narrow, and thus the trade-off will

be largely dominating.

Note that although our theoretical analysis is conducted using

APS as a case study, it can be extended to other adaptive conformal

prediction methods due to similar non-conformity score designs

(e.g., RAPS [2] is a regularized version of APS). This theoretical

expectation is further supported by the empirical results presented

in Appendix B.5.

4 Conformal Correction Methods

In this section, we present a new method, EC
3
, for conformal cor-

rection. In general, EC
3
is based on Section 3, searching for better

Pareto optima via controlling the entropy of model predictions.

Then, we directly utilize temperature scaling to explore the Pareto
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Figure 2: Fig. (a) and (b) are the results of training only with Lclass on CIFAR100 and Cora-ML, respectively; Fig.(c) is an

illustration of Proposition 1 when 𝐾 = 2. (a) and (b) depict the efficiency and entropy on the test set, and there is a trade-off

between them when the accuracy reaches the top. (c) shows that the tight upper-bound of 𝑉 (𝜋 (𝑥)) consists of two pieces.
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Figure 3: Efficiency and entropy curves of APS (cf. Section 2) on the test set after temperature scaling w.r.t. 𝑇 when 𝛼 = 0.1. The

efficiency of APS is at odds with the entropy of model prediction in most cases.

frontier, and extend EC
3
to improve the user-specified conditional

coverage.

4.1 Entropy-Constrained Conformal Correction

As discussed in Section 3, there is a fundamental trade-off between

CP efficiency and prediction entropy. A natural way to search for

the Pareto frontier is to introduce a positive entropy term into

Eq. (1), and balance it with Lineff. However, in our case, the cross-

entropy loss Lclass already implicitly enforces entropy reduction.
2

Furthermore, we observe that directly optimizing the original train-

ing loss often results in a rapid decline in efficiency, leading to

low-entropy solutions with poor efficiency (e.g., after the 30-th

epoch in Fig. 2(a)). Therefore, we add a negative entropy term into

Eq. (1) to counter the rapid decline in efficiency, which enables a

more fine-grained control of entropy during conformal correction,

viz.,

minL𝑓 = Lclass + 𝛽 · Lineff − 𝛾 · 𝐻 (𝜋 (𝑥)), (2)

where 𝛾 ≥ 0 is a hyperparameter controlling the weight of the

entropy term.

2
Minimizing cross-entropy loss essentially encourages the predicted distribution to

approximate a sharp distribution (e.g., the one-hot label vector), rendering a trained

model with low entropy, which is also known as the over-confident problem [14].

There are three competing optimization objectives in Eq. (2),

making the optimization challenging. Fortunately, the following

inequality for Lclass and 𝐻 (𝜋 (𝑥)) holds [31]:

Lfocal ≥ KL(𝜋 (𝑥) | |𝜋 (𝑥)) − 𝛾 · 𝐻 (𝜋 (𝑥)),

where Lfocal = −∑𝐾
𝑘=1

(1 − 𝜋𝑘 (𝑥))𝛾𝜋𝑘 (𝑥) log𝜋𝑘 (𝑥) is the form of

focal loss [31] and KL(𝜋 (𝑥) | |𝜋 (𝑥)) is the KL-divergence between
the ground-truth distribution 𝜋 (𝑥) and the model prediction 𝜋 (𝑥).
Since KL(𝜋 (𝑥) | |𝜋 (𝑥)) can be reduced to the cross-entropy, this

inequality allows us to directly optimize the upper bound forLclass−
𝛾 ·𝐻 (𝜋 (𝑥)), i.e., Lfocal. Thus, we rewrite the objective in Eq. (2) as

minL𝑓 = Lfocal + 𝛽 · Lineff . (3)

Compared with Eq. (1), the above objective enjoys two advan-

tages. From the view of multi-objective optimization, the proposed

minimization objective can flexibly adjust the trade-off between

the CP efficiency and the entropy of prediction by controlling 𝛾 .

Specifically, if we prefer CP efficiency over entropy, 𝛾 should be

augmented to increase the efficiency at the cost of entropy. Other-

wise, we should lower the value of 𝛾 . When 𝛾 = 0, Eq. (3) degrades

into Eq. (1).

Additionally, in contrast to directly penalizing the entropy, focal

loss presents a more flexible approach to balance classification loss

and entropy regularization through the coefficient (1 − 𝜋𝑘 (𝑥))𝛾 .
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Specifically, the focal loss can effectively control the strength of the

classification loss based on the sharpness of the model prediction

𝜋 (𝑥). This adaptation facilitates locating better solutions in the

trade-off between entropy and efficiency.

Pareto Frontier Exploration via Temperature Scaling. When

a better Pareto optimum is achieved by Eq. (3), we can next tra-

verse the Pareto frontier from this Pareto optimum via temperature

scaling—a common trick used in model calibration [14]—to flexibly

regulate the entropy. Specifically, it rephrases the softmax function

as follows:

𝜋𝑖 (𝑥) =
exp(𝜋𝑖 (𝑥)/𝑇 )∑𝐾
𝑗=1

exp(𝜋 𝑗 (𝑥)/𝑇 )
,

where𝑇 > 0 is the temperature controlling the uncertainty of mod-

els. With 𝑇 increasing, the prediction entropy 𝐻 (𝜋 (𝑥)) becomes

larger. Practically, temperature scaling is based on the grid search,

which is simple and convenient to use.

Note that one can directly use temperature scaling, which can

be viewed as a straightforward conformal correction method with

a single parameter 𝑇 , to adapt the trade-off between efficiency

and entropy. Fig. 3 plots the results of APS over 𝑇 on CIFAR100,

Cora-ML, and Photos datasets.

Fig. 3(a) depicts the result of the CIFAR100 dataset. We observe

an initial concurrent increase in both efficiency and entropy as

𝑇 rises. However, as 𝑇 continues to increase, a trade-off emerges

between these two metrics: efficiency decreases while entropy in-

creases. This observation aligns with Theorem 3. That is, when

entropy is relatively low (corresponding to lower values of 𝑇 ), ef-

ficiency is upper-bounded by the entropy; conversely, as entropy

increases (with higher values of 𝑇 ), efficiency is upper-bounded by

the negative entropy (plus some positive constant).

Fig. 3(b) and 3(c) depict the result of the Cora-ML and Photos

datasets. In contrast, only the trade-off between the efficiency and

entropy can be observed. This is because the number of classes

therein is significantly smaller than that in the CIFAR100 dataset,

which is consistent with Remark 4. In addition to the results on

CIFAR100, Cora-ML, and Photos datasets, we relegate the rest to

Appendix B.4.

Nevertheless, directly using temperature scaling without the

objective in Eq. (3) will lead to a suboptimal Pareto frontier (cf.

Fig. 8 in Appendix B.7).

4.2 Extensions to Conditional Coverage

Recall from Section 2 that conditional coverage is stronger than

marginal coverage. The flexibility of the EC
3
approach allows us to

adjust user-specified conditional coverage adaptively. Take the class

conditional coverage (i.e., the coverage of the sample subsets with

the same true class [53]) as an example. We define the following

class conditional coverage loss function for each class 𝑘 ,

L𝑘 := − 1

|𝐷𝑘
cal
|

∑︁
(𝑥,𝑦) ∈𝐷𝑘

cal

I(𝑦 ∈ C(𝑥)),

where 𝐷𝑘
cal

:= {(𝑥,𝑦) ∈ 𝐷cal | 𝑦 = 𝑘} and I(·) is the indicator

function. We then obtain a new minimization objective to improve

the class conditional coverage during conformal correction,

minL𝑓 = Lfocal + 𝛽 · Lineff −
1

𝐾

𝐾∑︁
𝑘=1

L𝑘 .

We refer to this method as “EC
3
(Cond)” which will be evaluated in

Section 5.2.3.

5 Experiments

In this section, we conduct the extensive experiments to showcase

the effectiveness of EC
3
.

5.1 Experimental Setup

Datasets.We conduct main experiments on five datasets, including

CIFAR10, CIFAR100 [24], Cora-ML [30], CS [39], and Photos [29].

The former two datasets are from the computer vision (CV) do-

main and the latter three are graph-structure datasets. For CV

datasets, CIFAR10 and CIFAR100 consist of 60,000 32 × 32 colour

images in 10 and 100 classes, respectively. For graph datasets,

there are 2,995/18,333/7,650 nodes with 2,879/6,805/745 features

and 16,346/163,788/238,162 edges in Cora-ML, CS, and Photos. The

number of classes in these graph datasets is 7, 15 and 8, respec-

tively. Following Huang et al. [20], we randomly split each dataset

into the training set 𝐷train, validation set 𝐷valid, calibration set 𝐷cal,

and testing set 𝐷test with the ratio 2:1:4:3. We perform 100 random

splits of calibration/testing sets, and report the average results and

standard deviations to suppress randomness.

Base and Adapter Models. For CV tasks, we apply ResNet [15],

PreResNet [16], and DenseNet [18] as the base models, and use MLP

as the conformal adapter model. For graph tasks, we use GCN [22],

GAT [46], and SGC [50] as the base models and use GAT as the

conformal adapter model following Huang et al. [20]. For a fair

comparison, we train each of the base models five times and report

the average results to avoid fluctuations from randomness.

Baselines.We select the state-of-the-art methods, i.e., ConfTr [43]

and CF-GNN [20] from CV and graph domains, respectively. Note

that while CF-GNN strictly follows the conformal correction frame-

work, ConfTr was initially proposed to retrain the base model. In

our experiments, we adapt ConfTr to the conformal correction

framework (i.e., applying its optimization objective as an adapter

after the base model is trained); further performance improvements

are observed.

Evaluation Metrics. For efficiency, we use the standard average
size of CP sets as the metric. For marginal coverage, we can directly

compute its value. For conditional coverage, we consider WSC

and SSCV metrics [2, 36]. All these metrics are widely adopted by

existing work [20].

Implementations. To construct the CP sets, we consider both

APS [36] and RAPS [2]. We report the APS results in the main

body of the paper, and the results on RAPS are included in Ap-

pendix B.5. We set the threshold of the prediction entropy to be

(1 − 𝜖) exp(log𝐾), and use 𝜖 = 1/4 by default. We also set the mis-

coverage rate 𝛼 = 0.1, hyperparameter 𝛽 = 0.1 and 𝛾 = 4 by default.

All the experiments are carried out on NVIDIA GeForce RTX 3090.

More implementation details, such as the hyperparameters of base

models and conformal adapters, are presented in Appendix B.1.
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Table 1: Efficiency results of conformal correction methods on CV and graph datasets when 𝛼 = 0.1. The results are the average

of five runs of pre-trained model, each with 100 runs of conformal splits on datasets. Baselines are ConfTr and CF-GNN on CV

and graph datasets, respectively. The best results are in shadow. The proposed EC
3
achieves the best efficiency performance

and maintains the marginal coverage.

Dataset Model

CP Baseline EC
3

Coverage Efficiency Coverage Efficiency Coverage Efficiency

CIFAR10

ResNet56 0.90±.00 5.41±.11 0.90±.00 1.31±.15 0.90±.00 1.23±.06

PreResNet110 0.90±.00 5.54±.07 0.90±.00 1.25±.16 0.90±.00 1.18±.04

DenseNet100 0.90±.00 5.52±.03 0.90±.00 1.30±.15 0.90±.00 1.09±.04

CIFAR100

ResNet56 0.90±.00 23.06±.66 0.90±.00 19.83±1.94 0.90±.00 18.05±2.71

PreResNet110 0.90±.00 25.93±.37 0.90±.00 17.62±1.98 0.90±.00 15.27±1.27

DenseNet100 0.90±.00 30.00±2.44 0.90±.00 13.29±1.61 0.90±.00 10.87±1.42

Cora-ML

GCN 0.90±.00 4.00±.19 0.90±.00 1.85±.26 0.90±.00 1.50±.13

GAT 0.90±.00 3.92±.13 0.90±.00 1.94±.39 0.90±.00 1.68±.13

SGC 0.90±.00 4.01±.13 0.90±.00 1.81±.26 0.90±.00 1.58±.09

CS

GCN 0.90±.00 8.37±.22 0.90±.00 4.45±.38 0.90±.00 3.13±.21

GAT 0.90±.00 6.92±.36 0.90±.00 4.47±.50 0.90±.00 3.03±.36

SGC 0.90±.00 8.37±.26 0.90±.00 4.36±.33 0.90±.00 3.13±.25

Photos

GCN 0.90±.00 4.00±.14 0.90±.00 2.07±.38 0.90±.00 1.54±.14

GAT 0.90±.00 2.36±.24 0.90±.00 2.69±.30 0.90±.00 2.13±.08

SGC 0.90±.00 4.00±.06 0.90±.00 2.17±.28 0.90±.00 1.53±.06

Table 2: Efficiency results of conformal correction methods on CV and graph datasets when 𝛼 = 0.2. The results are the average

of five runs of pre-trained model, each with 100 runs of conformal splits on datasets. Baselines are ConfTr and CF-GNN on CV

and graph datasets, respectively. The best results are in shadow. The proposed EC
3
still generally outperforms the competitors.

Dataset Model

CP Baseline EC
3

Coverage Efficiency Coverage Efficiency Coverage Efficiency

CIFAR10

ResNet56 0.80±.00 4.01±.04 0.80±.00 1.06±.01 0.80±.00 1.04±.01

PreResNet110 0.80±.00 4.22±.09 0.80±.00 1.01±.02 0.80±.00 1.02±.01

DenseNet100 0.80±.00 4.20±.02 0.80±.00 0.99±.00 0.80±.00 0.98±.00

CIFAR100

ResNet56 0.80±.00 13.38±.36 0.80±.00 6.17±.75 0.80±.00 2.93±.09

PreResNet110 0.80±.00 14.98±.24 0.80±.00 4.72±.10 0.80±.00 4.25±.17

DenseNet100 0.80±.00 18.13±1.28 0.80±.00 3.20±.09 0.80±.00 2.76±.16

Cora-ML

GCN 0.80±.00 3.10±.23 0.80±.00 1.41±.10 0.80±.00 1.03±.03

GAT 0.80±.00 3.07±.11 0.80±.00 1.47±.15 0.80±.00 1.10±.06

SGC 0.80±.00 3.11±.15 0.80±.00 1.42±.12 0.80±.00 1.03±.04

CS

GCN 0.80±.00 6.12±.23 0.80±.00 2.66±.12 0.80±.00 1.73±.14

GAT 0.80±.00 5.18±.19 0.80±.00 2.53±.23 0.80±.00 1.74±.17

SGC 0.80±.00 6.15±.25 0.80±.00 2.41±.29 0.80±.00 1.84±.15

Photos

GCN 0.80±.00 3.11±.14 0.80±.00 1.58±.31 0.80±.00 1.24±.07

GAT 0.80±.00 1.83±.19 0.80±.00 1.74±.47 0.80±.00 1.61±.12

SGC 0.80±.00 3.13±.05 0.80±.00 1.44±.28 0.80±.00 1.35±.09

5.2 Experimental Results

5.2.1 Efficiency Comparison. Give an entropy threshold as men-

tioned in Section 5.1, we first compare the best efficiency and the

corresponding marginal coverage of training-based conformal cor-

rection methods when 𝛼 = 0.1, the results of which are given in

Table 1. We also report the entropy results (Appendix B.2) and the

accuracy results (Appendix B.3).

On the CV datasets, the proposed EC
3
performs better than the

baseline ConfTr in terms of efficiency over all three pre-trained

models on both datasets, while it keeps the marginal coverage at the
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Figure 4: Pareto optima of different conformal correction

methods. Compared with baselines, the proposed EC
3
ob-

tains the best Pareto frontier via achieving a better balance

between efficiency and entropy on both CIFAR10 and Cora-

ML.

same time. For example, EC
3
is 18.2% more efficient than ConfTr for

the pre-trained model DenseNet100 on CIFAR100. Similarly, EC
3

achieves significant efficiency improvements from 12.7% to 34.4%

on the graph datasets.

To study the influence of 𝛼 on conformal correction, we report

the results of efficiency and marginal coverage when 𝛼 = 0.2 on

CV and graph datasets in Table 2. Generally speaking, the pro-

posed EC
3
still outperforms other baselines on both CV and graph

datasets. Specifically, EC
3
significantly improves the efficiency of

APS by up to 52.5% on all datasets except CIFAR10. On CIFAR10,

since the accuracy of base models is relatively high (e.g., 0.89 in

DenseNet100), conformal correction methods easily ameliorate the

efficiency of both our method EC
3
and baseline ConfTr to achieve

good efficiency.

The significant efficiency improvement can be attributed to the

theoretical analysis of the efficiency-entropy tradeoff which EC
3
is

built on. In particular, the explicit modeling of entropy enables EC
3

to achieve a better balance between efficiency and entropy within

an acceptable entropy range.

5.2.2 Pareto Frontiers. We explore the Pareto frontier of efficiency

and entropy for all conformal correction methods with temperature

scaling. We can control entropy by adjusting the temperature 𝑇

and select sufficient values of 𝑇 to cover the entropy range. The

results of the Pareto frontier are shown in Fig. 4.

It can be observed that EC
3
(the orange curve) achieves a better

Pareto frontier (i.e., lower efficiency given the same entropy) than

Table 3: Conditional coverage results on CIFAR10 and Cora-

ML before/after conformal correction. WSC closer to 0.9 and

smaller SSCV indicate better performance. Conformal cor-

rection does not worsen the conditional coverage.

Dataset Method WSC SSCV

CIFAR10

CP 0.88±.01 0.45±.01

ConfTr 0.89±.00 0.22±.18

TS 0.88±.01 0.19±.02

EC
3

0.89±.00 0.15±.05

Cora-ML

CP 0.90±.00 0.10±.00

CF-GNN 0.90±.00 0.09±.05

TS 0.90±.00 0.09±.01

EC
3

0.90±.00 0.09±.05

Table 4: Distances between the class coverage below 0.9 and

the target coverage 0.9 with L1-norm and L2-norm in Fig. 5.

EC
3
(Cond) improves the class conditional coverage success-

fully by up to 73%.

Model CIFAR10 Cora-ML

L1 L2 L1 L2

EC
3

0.25 0.15 0.16 0.16

EC
3
(Cond) 0.21 0.11 0.04 0.04

Imp. 18% 26% 73% 73%

other conformal correctionmethods (the blue curve) in both Fig. 4(a)

and Fig. 4(b). The contrast of Pareto frontiers further confirms the

positive impact of the entropy control on the efficiency-entropy

trade-off, in terms of seeking better Pareto optima.

5.2.3 Conditional Coverage. One advantage of our method is its

flexibility in accommodating conditional coverage. Here, we present

the conditional coverage results before and after conformal cor-

rection by the metrics WSC and SSCV in Table 3. It is clear that

conformal correction can tacitly improve conditional coverage to

some extent.

Next, we evaluate the effectiveness of the conditional conformal

correction presented in Section 4.2. In Fig. 5, we plot the histogram

of the coverage of different classes, without andwith the conditional

conformal correction, i.e., EC
3
and EC

3
(Cond). As mentioned in

Section 2, class conditional coverage requires that the coverage of

each class is greater than 1 − 𝛼 . Hence, we only need to examine

the classes whose coverage is below 1−𝛼 . In Fig. 5, we can observe

that the conditional conformal correction improves most of the

class coverages below 0.9. In particular, the lowest class coverages

are increased from 0.77 to 0.83 and from 0.74 to 0.85, respectively.

Moreover, we compute the distance between the class coverage

below 0.9 and the target coverage of 0.9 with L1-norm and L2-norm

in Table 4. The results show that EC
3
(Cond) significantly reduces

such distances (up to 73%).

5.2.4 Extensions to LLM. The above experiments are mainly for

classification problems. Here, we evaluate our approach on the
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Figure 5: Class conditional coverage results on CIFAR10 (left) and Cora-ML (right). The class coverage below 0.9 is in shadow.

Our method EC
3
(Cond) increases most of the class coverages below 0.9.

Table 5: Coverage, entropy and efficiency results of conformal

correctionmethods on LLMs for the question answering task.

Metric CP ConfTr EC
3

Coverage 0.81±.00 0.80±.00 0.81±.00

Efficiency 2.92±.01 2.48±.08 2.32±.15

Entropy 0.04±.01 1.84±.11 1.89±.07

question answering task using the TruthfulQA dataset [27]. The

prompt we use is shown as follows.

This i s a 4− cho i c e qu e s t i o n t h a t you

shou ld answer : \ { q u e s t i o n \ } .

Put the f i n a l r e s u l t s w i th in \ t e x t b a c k s l a s h

boxed \ { \ { \ } \ } , e . g . , \ t e x t b a c k s l a s h

boxed \ { \ { A \ } \ } .

The c o r r e c t answer to t h i s qu e s t i o n i s : " .

For each question, we sample 100 Chain-of-Thought responses

fromLlama-2-7b-chat [45] and record the answer distribution (based

on self-consistency) to perform conformal prediction. Table 5 shows

the results of APSwhen𝛼 = 0.2, considering the low accuracy 48.2%,

and our method achieves a 6.5% improvement in efficiency over the

ConfTr baseline while maintaining a comparable level of entropy.

Moreover, the results after temperature scaling are provided (cf.

Fig. 7(b) in Appendix B). The experimental results demonstrate

that the efficiency-entropy trade-off of conformal prediction is also

present in LLM generation tasks.

Additional experimental results such as parameter sensitivity

analysis are reported in Appendix B.

6 Related Work

In this section, we briefly review the related work including con-

formal prediction and conformal corrrection.

Conformal Prediction. Uncertainty quantification [1] aims to

provide calibrated uncertainty estimates for machine learning mod-

els, enabling reliable decision-making in critical applications. It has

been widely studied in classification and regression, where typical

methods include Bayesianmethods [12], confidence calibration [14],

and model-agnostic frameworks that construct uncertainty inter-

vals [35]. However, most of these methods fail to provide rigorous

statistical guarantees regarding coverage, especially in non-i.i.d.

settings.

CP, as a UQ method, distinguishes itself in providing guaranteed

coverage, regardless of the underlying model or data distribution.

It has been applied to diverse domains, including image classifi-

cation [37], object detection [44], and large language models [25].

Most CPmethods rely on splitting the dataset into a training set and

a held-out calibration set to estimate non-conformity scores, as pro-

posed in split conformal prediction [26]. Other extensions, such as

jackknife methods [4] and cross-validation-based approaches [47],

can further enhance CP’s flexibility and applicability.

Some work has focused on improving the efficiency and adapt-

ability of CP by refining non-conformity scores. Adaptive Predic-

tion Sets (APS) [36] introduced a score function that accumulates

sorted softmax probabilities; Regularized Adaptive Prediction Sets

(RAPS) [2] extended APS by adding penalties to tail classes and

Sorted Adaptive Prediction Sets (SAPS) [19] substituted probability

values with sort orders, both resulting in more efficient prediction

sets with minimal computational overhead. On a different dimen-

sion, considerable efforts have been devoted to proving (stronger)

conditional coverage. These include SCP+conditional calibration

[13], randomly localized conformal prediction [17], and posterior

conformal prediction [54], to name a few.

CP has also been explored in graph-structured data, where node

dependencies pose unique challenges. The first work [49] proposed

a margin-based score for graphs. Afterwards, more methods, such

as NAPS [7], DAPS [53], and a Jackknife+ variant for GCNs [21],

have been developed to incorporate graph-specific properties such

as homophily, further improving their performance.

Conformal Correction. These techniques aim to improve the

performance of CP by modifying the model’s output via extra

training. Although computationally intensive, model correction

represents a significant advancement in enhancing CP’s perfor-

mance. For instance, ConfTr [43] proposes non-conformity loss
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functions designed to align scores with a uniform distribution.

Similar approaches have also demonstrated effectiveness in graph-

structured data [28]. CF-GNN [20], for example, introduces an addi-

tional correction model that utilizes the graph’s topology to adjust

the model’s output.

Our approach also optimizes CP during training by modifying

the model’s output. Furthermore, our work investigates the re-

lationship between the entropy and efficiency of CP. While the

experimental results of ConfTS [51] and [10] corroborate part of

this relationship, we provide a comprehensive theoretical frame-

work, which is not limited to temperature scaling. By introducing

a novel loss function, we achieve superior efficiency and prediction

performance compared to existing correction-based optimization

methods. Correia et al. [8] provide a lower bound of the expected

size of the conformal prediction sets (i.e., inefficiency). In contrast,

our work provides an upper bound, which is more important for

improving efficiency. We mention that, in addition to efficiency,

some work has also focused on conditional coverage of CP through

correction [11, 23, 52] and discussed the stability of conformal train-

ing [33].

7 Conclusion

In this paper, we have demonstrated that a decrease in the ineffi-

ciency is often accompanied by an increase in the prediction entropy

for conformal prediction. We have also provided a theoretical anal-

ysis explaining this phenomenon. Both lead to the conclusion that

CP efficiency may be at odds with the prediction entropy in most

cases. The trade-off between them hints at a Pareto optimality view

of conformal correction, for which we have proposed a newmethod

EC
3
. Experiments on both CV and graph datasets showcase that

it outperforms the existing baselines. Currently, our theoretical

analysis and methods mainly target adaptive conformal prediction,

which are the mainstream conformal methods for classification [40].

In the future, we plan to explore this trade-off with other conformal

prediction methods.
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A Technical proofs for theoretical results

A.1 Proof of Propostion 1

Proof. Recall that the non-conformity scores of APS are defined

by𝑉 (𝑥,𝑦) = 𝜋 (1) (𝑥)+· · ·+𝜋 (𝑦) (𝑥), where 𝜋 (1) (𝑥) ≥ · · · ≥ 𝜋 (𝐾 ) (𝑥)
are (ordered) probabilities of the model prediction. Hence, we have

𝑉 (𝜋 (𝑥)) = 1

𝐾

𝐾∑︁
𝑖=1

𝑉 (𝑥, 𝑖)

=

𝐾∑︁
𝑘=1

1

𝐾
(𝜋 (1) (𝑥) + · · · + 𝜋 (𝑘 ) (𝑥))

= 𝜋 (1) (𝑥) +
𝐾 − 1

𝐾
𝜋 (2) (𝑥) + · · · + 1

𝐾
𝜋 (𝐾 ) (𝑥).

(4)

Consider the function 𝐹1 (𝜋) := 𝑉 (𝜋 (𝑥)) − 𝐻 (𝜋 (𝑥)), we can

find that 𝐹1 (𝜋) is a convex function w.r.t. 𝜋 (𝑥), since the negative
entropy is convex and the average non-conformity score is lin-

ear of 𝜋 (𝑥). Therefore, the upper bound of 𝐹1 (𝜋) is achieved at

the boundary of constraints {𝜋 (1) (𝑥) ≥ · · · ≥ 𝜋 (𝐾 ) (𝑥), 𝜋 (1) (𝑥) +
· · · + 𝜋 (𝐾 ) (𝑥) = 1}. Furthermore, it can be observed that 𝑉 (𝜋 (𝑥)))
achieves the maximum value 1 and −𝐻 (𝜋) =

∑𝐾
𝑘=1

𝜋 (𝑘 ) log𝜋 (𝑘 )
reaches the maximum value 0 simultaneously when 𝜋 (1) (𝑥) = 1

and 𝜋 (2) (𝑥) = · · · = 𝜋 (𝐾 ) = 0. Therefore, we have 𝐹1 (𝜋) ≤ 1, which

implies 𝑉 (𝜋 (𝑥)) ≤ 1 + 𝐻 (𝜋 (𝑥)).
We also define the function 𝐹2 (𝜋) :=𝑉 (𝜋 (𝑥)) + 𝐻 (𝜋 (𝑥)). Simi-

larly, we can find that 𝐹2 (𝜋 (𝑥)) is concave w.r.t. 𝜋 (𝑥). To analyze

the upper bound of 𝐹2 (𝜋), we formulate the following optimization

problem:

max

𝜋
𝑉 (𝜋 (𝑥)) + 𝐻 (𝜋 (𝑥))

s.t.

𝐾∑︁
𝑘=1

𝜋 (𝑘 ) (𝑥) = 1,

𝜋 (𝑘 ) (𝑥) ≥ 𝜋 (𝑘+1) (𝑥) 𝑘 = 0, 1, . . . , 𝐾 − 1,

We temporarily drop the inequality constraints and compute the

Lagrangian as

L𝐹 (𝜋) = 𝐻 (𝜋 (𝑥)) +𝑉 (𝜋 (𝑥)) − 𝜆(
𝐾∑︁
𝑘=1

𝜋 (𝑘 ) (𝑥) − 1),

where 𝜆 is the Lagrangian multiplier. Vanishing the partial deriva-

tives, we obtain

𝜕L𝐹 (𝜋)
𝜕𝜋 (𝑘 ) (𝑥)

= log𝜋 (𝑘 ) (𝑥) +
𝑘 − 1

𝐾
− 𝜆 = 0.

Hence, we have

𝜋 (𝑘 ) (𝑥) = exp(𝜆 − 𝑘 − 1

𝐾
).

Note that 𝜋 (𝑘 ) (𝑥) ≥ 𝜋 (𝑘+1) (𝑥) also holds for 𝑖 = 0, 1, . . . , 𝑡−1. Using

the equation

∑𝐾
𝑘=1

𝜋 (𝑘 ) (𝑥) = 1, we can derive that

exp(𝜆) = 1∑𝐾
𝑘=1

exp(−𝑘−1

𝐾
)
.

In other words, the optimal solution is the output of the Softmax

function for logits [0,− 1

𝐾
, . . . ,−𝐾−1

𝐾
]. By substituting the optimal
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solution, we have the maximum value of 𝐹2 (𝜋 (𝑥)):

𝐹2 (𝜋 (𝑥)) ≤ −
𝐾∑︁
𝑘=1

(𝜆 − 𝑘 − 1

𝐾
) exp(𝜆 − 𝑘 − 1

𝐾
)

+ (1 − 𝑘 − 1

𝐾
) exp(𝜆 − 𝑘 − 1

𝐾
)

= (−𝜆 + 1)
𝐾∑︁
𝑘=1

exp(𝜆 − 𝑘 − 1

𝐾
)

= −𝜆 + 1 = log

( 𝐾∑︁
𝑘=1

exp(−𝑘 − 1

𝐾
)
)
+ 1.

(5)

Therefore, we have

𝑉 (𝜋 (𝑥)) ≤ log

( 𝐾∑︁
𝑘=1

exp(−𝑘 − 1

𝐾
)
)
+ 1 − 𝐻 (𝜋 (𝑥)).

Putting the two upper bounds together, we have

𝑉 (𝜋 (𝑥)) ≤ min(𝐶𝐾 + 1 − 𝐻 (𝜋 (𝑥)), 1 + 𝐻 (𝜋 (𝑥))),

where 𝐶𝐾 = log

( ∑𝐾
𝑘=1

exp(−𝑘−1

𝐾
)
)
. Furthermore, we can see that

the first upper bound strictly holds only when 𝐻 (𝜋 (𝑥)) ≥ 1

2
𝐶𝐾 . We

complete the proof. □

We plot the function image of
1

2
𝐶𝐾 using Wolfram and find that

1

2
𝐶𝐾 monotonically increases as 𝐾 rising. Thus, 𝐶𝐾 + 1 − 𝐻 (𝜋 (𝑥))

is a better upper bound than 1 +𝐻 (𝜋 (𝑥)) in most cases, when 𝐾 is

relatively small.

A.2 Proof of Proposition 2

Proof. For a given sample point 𝑥 and its oracle distribution

𝜋 (𝑥), we have

E[𝑉 (𝑋,𝑌 ) | 𝑋 = 𝑥] =
𝐾∑︁
𝑘=1

𝜋 (𝑘 ) (𝑥) ·
𝑘∑︁
𝑗=1

𝜋 ( 𝑗 ) (𝑥) (6)

Next, we bridge 𝑉 (𝑥) and E[𝑉 (𝑋,𝑌 ) | 𝑋 = 𝑥]. We can obtain that

|E[𝑉 (𝑋,𝑌 ) | 𝑋 = 𝑥] −𝑉 (𝑥) | =
�� 𝐾∑︁
𝑘=1

(
𝜋 (𝑘 ) (𝑥) −

1

𝐾

)
·
𝑘∑︁
𝑗=1

𝜋 ( 𝑗 ) (𝑥)
��

≤ max

{ 𝑘∑︁
𝑗=1

𝜋 ( 𝑗 ) (𝑥), 𝑘 = 1, . . . , 𝐾
}

·
𝐾∑︁
𝑘=1

��𝜋 (𝑘 ) (𝑥) − 1

𝐾

��
= 2𝛿TVD (𝜋 (𝑥),U(𝐾)),

where the inequation is derived by the Hölder inequality, and

𝛿TVD (·, ·) refers to the total variation distance.

Using the Pinsker inequality, we have

𝛿TVD (𝜋 (𝑥),U(𝐾)) ≤
√︂

1

2

𝛿KL (𝜋 (𝑥)∥U(𝐾)) =
√︂

1

2

(
log(𝐾) − 𝐻 (𝜋 (𝑥))

)
.

Putting together, we obtain

|E[𝑉 (𝑋,𝑌 ) | 𝑋 = 𝑥] −𝑉 (𝑥) | ≤
√︃

2

(
log(𝐾) − 𝐻 (𝜋 (𝑥))

)
.

Next, we define C𝜂 := {(𝑋,𝑌 ) | 𝑉 (𝑋,𝑌 ) ≥ 𝜂}, and seek for the

upper bound of E(𝑉 (𝑋,𝑌 ) | C𝜂) from the above result:

E[𝑉 (𝑋,𝑌 ) | C𝜂] ≤ E[𝑉 (𝑋 ) | C𝜂]+E[
√︃

2

(
log(𝐾) − 𝐻 (𝜋 (𝑋 ))

)
| C𝜂] .

By Hoeffding’s inequality and 𝑉 (𝑋,𝑌 ) ∈ [𝜂, 1], and |C𝜂 | = 𝛼𝑛, we
have

P
( 1

𝑛𝛼

∑︁
(𝑋,𝑌 ) ∈C𝜂̂

𝑉 (𝑋,𝑌 )−E[𝑉 (𝑋,𝑌 ) | C𝜂] ≥ 𝜏
)
≤ exp

(
− 2𝛼𝜏2𝑛

(1 − 𝜂)2

)
,

where𝜏 is an arbitrary positive constant. Sincewe have
∑

(𝑋,𝑌 ) ∈C𝜂̂ 𝑉 (𝑋,𝑌 ) ≥
𝑛𝛼𝜂, we can derive

exp(− 2𝛼𝜏2𝑛

(1 − 𝜂)2
) ≥ P

( 1

𝑛𝛼

∑︁
(𝑋,𝑌 ) ∈C𝜂̂

𝑉 (𝑋,𝑌 ) − E[𝑉 (𝑋,𝑌 ) | C𝜂] ≥ 𝜏
)

≥ P(𝜂 − E[𝑉 (𝑋,𝑌 ) | C𝜂] > 𝜏)

Substituting the bound of E[𝑉 (𝑋,𝑌 ) | C𝜂] in, we have

exp(− 2𝛼𝜏2𝑛

(1 − 𝜂)2
) ≥ P(𝜂 > E[𝑉 (𝑋,𝑌 ) | C𝜂] + 𝜏)

≥ P(𝜂 > E[𝑉 (𝑋 ) | C𝜂]

+ E[
√︃

2

(
log(𝐾) − 𝐻 (𝜋 (𝑋 ))

)
| C𝜂] + 𝜏),

which completes the proof. □

A.3 Proof of Theorem 3

Proof. According to the definition of C(𝑥) in terms of APS, we

first have

|C(𝑥) | = 𝑆 (𝜋 (𝑥), 𝜂) =
𝐾∑︁
𝑘=1

𝑢 (𝜂 −𝑉 (𝑥, 𝑘)),

where𝑢 (𝑎) is an unit step function, i.e., if 𝑎 ≥ 0,𝑢 (𝑎) = 1; otherwise,

𝑢 (𝑎) = 0. Since 𝑢 (𝑎) ≤ 𝑎 + 1 holds on −1 ≤ 𝑎 ≤ 1, we have

|C(𝑥) | ≤ 𝐾𝜂 + 𝐾 −
𝐾∑︁
𝑘=1

𝑉 (𝑥, 𝑘) = 𝐾 (𝜂 −𝑉 (𝜋 (𝑥)) + 1) .

Transform the above equation into the expectation form, we get

E[|C(𝑋 ) |] ≤ 𝐾 (𝜂 − E[𝑉 (𝜋 (𝑋 ))] + 1) .

Furthermore, for C𝜂 = {(𝑋,𝑌 ) | 𝑉 (𝑋,𝑌 ) ≥ 𝜂} and its comple-

mentary set
¯C𝜂 , we have

E[𝑉 (𝜋 (𝑋 ))] = (1 − 𝛼)E[𝑉 (𝜋 (𝑋 )) | 𝑉 (𝑋,𝑌 ) ≤ 𝜂]
+ 𝛼E[𝑉 (𝜋 (𝑋 )) | 𝑉 (𝑋,𝑌 ) > 𝜂],

and put it and the bound of 𝜂 into the above equation:

1

𝐾
E( |C(𝑋 ) |) ≤ E[𝑉 (𝜋 (𝑋 )) | C𝜂]

− (1 − 𝛼)E[𝑉 (𝜋 (𝑋 )) | ¯C𝜂] − 𝛼E[𝑉 (𝜋 (𝑋 )) | C𝜂] +𝐶
= (1 − 𝛼)

(
E[𝑉 (𝜋 (𝑋 )) | C𝜂] − E[𝑉 (𝜋 (𝑋 )) | ¯C𝜂]

)
+𝐶,

where constant𝐶 := E[
√︃

2

(
log(𝐾) − 𝐻 (𝜋 (𝑋 ))

)
| C𝜂] +𝜏 +1. Using

the lower bound 𝑉 (𝜋 (𝑥)) ≥ 𝐾+1

2𝐾
, we have

1

𝐾
E( |C(𝑋 ) |) ≤ (1 − 𝛼)

(
E[𝑉 (𝜋 (𝑋 )) | C𝜂] −

𝐾 + 1

2𝐾

)
+𝐶.
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Given the assumption that P(𝐻 (𝜋 (𝑋 )) ≥ 1

2
𝐶𝐾 | C𝜂) ≥ 𝜇 (𝜇 ∈ [0, 1])

and D := {(𝑋,𝑌 ) |𝐻 (𝜋 (𝑋 )) ≥ 1

2
𝐶𝐾 }, we obtain that

1

𝐾
E( |C(𝑋 ) |) ≤ (1 − 𝛼)E[𝑉 (𝜋 (𝑋 )) | C𝜂] − (1 − 𝛼)𝐾 + 1

2𝐾
+𝐶

≤ (1 − 𝛼)
(
𝜇 (𝐶𝐾 − 1 − E[𝐻 (𝜋 (𝑥)) | D ∩ C𝜂])
+ (1 − 𝜇) (1 + E[𝐻 (𝜋 (𝑥)) | ¯D ∩ C𝜂])

)
− (1 − 𝛼)𝐾 + 1

2𝐾
+𝐶

≤ (1 − 𝛼) (1 − 2𝜇)E[𝐻 (𝜋 (𝑥)) | C𝜂]

+ (1 − 𝛼) (𝜇𝐶𝐾 − 𝐾 + 1

2𝐾
) + (1 − 𝛼) (1 − 2𝜇) +𝐶.

By combining with the inequality derived in Proposition 1, where

the final step uses E[𝐻 (𝜋 (𝑥)) | ¯D ∩ C𝜂] ≤ E[𝐻 (𝜋 (𝑥)) | C𝜂] ≤
E[𝐻 (𝜋 (𝑥)) | D ∩ C𝜂]. Clearly, there is an O(log𝐾) constant term,

asE[
√︃

2

(
log(𝐾) − 𝐻 (𝜋 (𝑋 ))

)
| C𝜂] and𝐶𝐾 := log

( ∑𝐾
𝑘=1

exp(−𝑘−1

𝐾
)
)

< log𝐾 for 𝐾 ≥ 2. □

B Further experiment details

Additional experimental details and results are provided in the

Appendix B file at our repository (https://github.com/Xusr1123/

Conformal-Correction).
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