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Abstract

Formal verification via interactive theorem proving is in-
creasingly used to ensure the correctness of critical systems,
yet constructing large proof scripts remains highly manual
and limits scalability. Advances in large language models
(LLMs), especially in mathematical reasoning, make their
integration into software verification increasingly promis-
ing. This paper introduces a neuro-symbolic proof generation
framework designed to automate proof search for system-level
verification projects. The framework performs a best-first
tree search over proof states, repeatedly querying an LLM
for the next candidate proof step. On the neural side, we
fine-tune LLMs using datasets of proof state—step pairs; on
the symbolic side, we incorporate a range of ITP tools to
repair rejected steps, filter and rank proof states, and automat-
ically discharge subgoals when search progress stalls. This
synergy enables data-efficient LLM adaptation and semantics-
informed pruning of the search space. We implement the
framework on a new Isabelle REPL that exposes fine-grained
proof states and automation tools, and evaluate it on the FVEL
seL4 benchmark and additional Isabelle developments. On
seL4, the system proves up to 77.6% of the theorems, sub-
stantially surpassing previous LLLM-based approaches and
standalone Sledgehammer, while solving significantly more
multi-step proofs. Results across further Isabelle benchmarks
demonstrate strong generalization, indicating a viable path
toward scalable automated software verification.

1 Introduction

Formal verification plays a vital role in ensuring the correct-
ness and reliability of software systems, especially in safety-
and security-critical domains where failures can be catas-
trophic [1, 2, 3]. Interactive theorem proving (ITP) stands
out for its expressiveness and ability to provide the strongest
assurance. With ITPs, landmark projects such as CompCert
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(a formally verified optimizing C compiler whose correct-
ness is mechanically proven in Rocq [4]) and selL4 (a for-
mally verified OS microkernel whose functional correctness,
security properties and reliability guarantees are proven in
Isabelle/HOL [5]) have been successfully delivered, which
demonstrate that formally verified systems can achieve both
practical usability and rigorous correctness.

While ITP offers unparalleled assurance, it also incurs
substantial costs, preventing its wide adoption, especially in
large-scale, system-level software [6]. Specifically, a typical
software verification workflow involves 1) writing precise
formal specifications to be proved and 2) constructing rig-
orous proofs for these specifications, both of which demand
immense human effort. For example, the sel.4 verification
project required approximately 20 person-years of work, and
produced over 100K lines of proof scripts, compared to only
about 10K lines of C implementation and merely 3K lines
in its simplest abstract specification in Isabelle [5]. More-
over, developing such specifications and proofs necessitates
specialized expertise in both theorem proving and the target
domain, a combination that is challenging to acquire.

In this work, we focus on the proof generation step in
system-level software verification projects. Recently, large
language models (LLMs) have demonstrated encouraging
mathematical reasoning capabilities, which inspire research
into their application for software verification, particularly
for proof generation [7, 8, 9, 10]. Unfortunately, both prior
studies and our initial experiments show that, even when
theorem statements are well formalized and relevant libraries
are fully provided in advance, current LLMs still struggle
to generate complete, correct proofs. We summarize two
challenges as follows.

@ Lack of specialized expertise. The first challenge lies in
that software verification often relies on numerous domain-
specific lemmas and specialized proof tactics. Although mod-
ern LLMs perform well in general reasoning tasks, they are
not well-versed in these specialized domains, leading to lim-
ited effectiveness when applied to proving corresponding the-
orems. For example, LLM4FSCQ [7] evaluated models such



as GPT-40 and Gemini 1.5 Flash on FSCQ (a Rocg-based
file system verification project [11]) and achieved only 38%
proof coverage. Moreover, in the larger seL4 project, which
involves extensive lemma libraries and customized tactics,
Selene [9] found that GPT-4 succeeded on only 20% of a
benchmark theorem set, despite the fact that nearly 40% of
them require one-line proofs.

® Paucity of usable data. The second challenge, which is
closely related to the first, is the shortage of high-quality
(training) data for software verification. For instance, the
seL4 project contains only around 20K theorems and lemmas,
and most proofs are written in a procedural style, where much
of the reasoning is implicit and encoded in the interaction with
the theorem prover. This substantially limits their usefulness
in effective LLM training/fine-tuning. Among existing seL.4
benchmarks, Selene [9] extracts a small subset of the project,
targeting relatively easy theorems with proof lengths of one to
five. FVEL [10] is more comprehensive and challenging, as
it extracts all theorems to be proved from sel.4. Yet even with
systematic fine-tuning of Mistral-7B-Instruct [12] and Llama-
3-8B-Instruct [13], FVEL reported a success rate below 10%
(88 out of 1,077 theorems in the test set).

Approach. In this paper, we propose a proof generation frame-
work that synergistically combines LLMs and ITPs, aiming
for automated system-level software verification. Our ap-
proach adopts a proof step-based tree-search pipeline that
iteratively queries a fine-tuned LLM to predict the next proof
step until the target theorem is successfully proved.

To address the first challenge, our framework adopts a
neuro-symbolic approach tailored to the nature of software
verification. First, to address challenges posed by domain-
specific lemmas and tactics, we incorporate a proof-step re-
vision module that repairs or refines LLM-generated steps
whenever they fail to compile or make no progress. Sec-
ond, to efficiently prune unpromising branches, we utilize
Nitpick [14] and QuickCheck [15] to “test” each candidate
proof state and discard those that admit counterexamples; the
remaining candidates are then ranked by the LLM according
to their plausibility. Finally, if the tree search still fails to
resolve the goal, Sledgehammer [16] acts as a backstop that
scans the local library for potentially relevant lemmas and
attempts to complete the current proof.

To address the second challenge, we construct our training
data by extracting internal proof states from existing theorems.
For example, a five-step proof yields five distinct training in-
stances, which are subsequently used for fine-tuning. During
inference, our tree-search pipeline leverages this state extrac-
tion to facilitate direct interaction between the LLM and the
prover, informing step predictions. While we currently train
on existing human-authored proofs, this pipeline also enables
future “bootstrapping”, where new training data could be
extracted on-the-fly from successful search paths [17, 18].

Experiments. We evaluate our framework on sel.4 [5] proof
construction. The results show that, with a fine-tuned lan-

guage model, our approach achieves a total proof success rate
of up to 77.6%, significantly surpassing prior automated proof-
generation approaches for seL4. Notably, it excels, compared
to the two preceding systems, at successfully handling a larger
number of multi-step proofs, a challenge that has not been ad-
dressed by prior work. Moreover, our framework substantially
alleviates manual proof-engineering effort, reducing expert
proof-writing effort by 71.1% on average in an Al-human
collaboration setting. Finally, experimental results on bench-
marks from Archive of Formal Proofs projects (e.g., X86
Semantics , IEEE Floating Point, and SATSolver Verification),
as well as the code verification benchmark Code2Inv (by
translating its loop invariants into Isabelle theorems) confirm
the strong generalizability of our approach.

Summary of main contributions. (1) We provide a neuro-
symbolic framework based on LLM-enabled tree search,
tailored for real-world, system-level software verification
projects. (2) We implement concrete integration of LLMs and
a broad range of symbolic, logic-based tools, substantially
enhancing the efficacy of proof-tree search; (3) We curate
training datasets and benchmarks, and carry out thorough
empirical evaluations. Our work advances a new frontier
of Al4Verification, an emerging area focused on applying
cutting-edge Al techniques to hardware/software verification,
especially to support large-scale proof engineering for safety-
critical systems and architectures.

Structure. Section 2 illustrates the challenges of the prob-
lem. Section 3 presents our neuro-symbolic approach. Sec-
tion 4 reports the evaluation of our approach on seL.4 and four
additional repository-level benchmarks. Section 5 provides
further qualitative analysis through a case study and an exam-
ination of failure modes. Section 6 reviews the related work.
Section 7 discusses the limitations of the current work and
outlines directions for future research. Section 8 concludes
the paper.

2 Problem

To demonstrate why existing LLMs struggle to synthesize
proofs in real-world software verification tasks, we present
a representative theorem from sel.4. We choose selL4 as it is
one of the most widely recognized formally verified systems,
with its entire C implementation proven functionally correct
against a formal specification in Isabelle/HOL, ensuring the
absence of crashes and undefined behavior. Building on this
foundation, sel.4’s verification was extended to enforce non-
interference of information flows and access control, estab-
lishing formal guarantees of confidentiality and integrity. To
date, sel.4 remains one of the safest OS kernels with machine-
checked proofs of both implementation-level correctness and
security properties, setting the benchmark for formal system
verification.

An example from sel.4’s verification is demonstrated in



Human experts: write out the proof steps:
tactics (e.g., wp) and lemmas (cap_swap_def)

(* When there are no dangling pointers in the
address space of the selL4 microkernel, for two
valid capability slots belonging to two thread
control blocks, swapping the contents of two
capability slots preserves the absence of
dangling pointers. *)

theorem
“/valid_objs
and valid_cap c and valid_cap c’
and tcb_cap_valid c b
and tcb_cap_valid ¢’ a
cap_swap c a c’ b
Arv. valid_objs ”

apply (simp add:
cap_swap_def

apply (wp set_cap_valid_objs
| simp split del:
if_split +
done

Theorem prover: verify each proof step and
propagate (forward) the proof state.

proof (prove)
goal (1 subgoal):
1. |valid_objs
and valid_cap c and valid_cap c’
and tcb_cap_valid c b
and tcb_cap_valid c¢' a
cap_swap ¢ a ¢' b Arv. valid_objs

proof (prove)
goal (1 subgoal):
1. |valid_objs
and valid_cap c and valid_cap c’
and tcb_cap_valid c b
and tcb_cap_valid c¢' a
do y <- set_cap c' a;
y <- set_cap c b;

Arv. valid_objs

proof (prove)
goal:
No subgoals!

! apply (wp | wpc | ]

Large language model: substitute human
experts to automatically generate proofs

+ | ### Prove the following Isabelle statement.
. | ### Input:

lemma cap_swap_valid_objs[wp]: .. ..

| | ### Response:

This lemma comes from the selL4 4 Gemin
kernel verification context .. ..
apply (simp add: cap_swap_def) )<
apply wp FoToTeTIeTIoe ey
apply clarsimp : \
done ' :
e I8V 36 BN D o = 3
& GPT
. apply (rule hoare_seq_ext) )(

. apply (wp set_cap_valid_objs

set_cdt_wp do_extended_op_wp
set_original_wp gets_wp
| simp add: bind_assoc)+ [ " TTTTTTTIOUTTY

simp add: bind_assoc)+ ----------------- '

Figure 1: An example theorem and its human-written proof from the seL.4 project, shown alongside LLM-generated attempts.
The human-written Isabelle proof illustrates the procedural, tactic-driven reasoning style that is common in software verification.
We prompted two state-of-the-art LLMs, Gemini 3 and GPT-5.1, to synthesize the same proof under controlled conditions, with
web search disabled to avoid any leakage of the original script. Although both models correctly recognized the proof context and
invoked some relevant tactics, neither succeeded in producing a valid proof even after roughly one minute of internal reasoning.
Their attempts frequently misuse the domain-specific wp tactic, or hallucinate nonexistent lemmas.

Figure 1, where the theorem cap_swap_valid_objs is drawn
from the invariant proofs of the abstract specification of the
seL.4 microkernel, and similar proof patterns recur throughout
the project. To prove this theorem, human experts write down
(in Isabelle) three proof steps, each comprising one factic (e.g.,
simp and wp) and some used lemmas (e.g., cap_swap_def and
set_cap_valid_objs; cf. the left panel in Figure 1).

Unlike formal mathematics, theorems in software verifica-
tion are often formulated as Hoare triples {P} C {Q}, where
P and Q are the pre- and post-conditions, and C denotes the
program being executed. In sel.4, the abstract behavior of
kernel operations is modeled in a monadic style that yields
imperative-like programs; the corresponding Hoare rules cap-
ture the semantics of these monadic computations.

Intuitively, the targeted theorem states that if the address
space of the seL.4 microkernel contains no dangling pointers
(valid_objs), then swapping the contents of two valid capa-
bility slots c and c’, which belong to two thread control blocks
(tcb_cap_valid ¢ band tcb_cap_valid ¢’ a), remains dan-
gling pointers free. Namely, after the operation cap_swap ¢
a ¢’ b which exchanges the capabilities stored in these two
slots, the resulting program state still satisfies valid_objs
expressed by the postcondition Arv. valid_objs where rv
denotes the return value of cap_swap.

To reduce the burden of manually constructing proofs, de-
velopers typically prepare a collection of broadly applica-
ble tactics and lemmas, dedicated to software verification.
For example, the wp tactic, short for weakest precondition,
generates the verification conditions associated with a given
Hoare triple. During this process, wp systematically ap-

plies a suite of previously proved lemmas, each of which
encodes a weakest-precondition characterization for a spe-
cific construct or monadic computation. After a routine use
of simp to unfold cap_swap, human experts can then eas-
ily invoke the pre-defined tactic wp together with the lemma
set_cap_valid_objs.

In this example, the target theorem is discharged by combin-
ing the tactics wp and simp. The simplification step performs
splitting, but the usual splitting rule for if is disabled to avoid
unnecessary case distinction. In the proof script, the symbol
| indicates that the tactic may apply either branch (or both),
while the trailing + instructs it to repeat this process until
no further progress is possible. This interleaving enables wp
to generate obligations that simp can reduce, while simp re-
shapes the goals to facilitate subsequent wp reasoning. In this
case, the combined step eliminates the goal entirely, and the
proof concludes with done.

To assess LLMs in generating this proof automatically,
we experiment with two state-of-the-art proprietary models,
i.e., Gemini 3 Pro [19] and GPT-5.1 [20]; their results are
shown on the right panel of the figure. While both deep-
thinking models successfully recognize the sel.4 proof con-
text, they are unable to apply the domain-specific tactic wp
correctly. They also hallucinate lemmas that do not exist in
the library (e.g., hoare_seq_ext). We further attempted sev-
eral rounds of iterative repair by feeding back the ITP’s error
messages, but the regenerated proofs continued to fail veri-
fication. An analysis of the models’ reasoning traces shows
that they frequently misinterpret the functionality and per-
formance characteristics of the wp tactic and related lemmas
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Figure 2: Overview of our neuro-symbolic proof-search framework. Starting from the initial proof state, the system repeatedly
generates candidate proof steps using a fine-tuned LLM, followed by rule-based symbolic revision to repair syntactic or semantic
issues in the proposed steps. Each accepted step is executed by Isabelle/HOL to derive new proof states, which are then filtered
by symbolic tools to prune states containing counterexamples or duplicates. The remaining states are ranked using cumulative
LLM log-probabilities, and the highest-scoring ones are selected for further expansion in a best-first search. If the search cannot
complete the proof, the framework finally invokes Sledgehammer to attempt to resolve the remaining goals.

(such as set_cap_valid_objs).

There are two potential approaches to addressing this is-
sue. The first is to use retrieval-augmented generation [8, 21].
In this paradigm, given a target theorem, a retrieval mod-
ule searches for relevant or structurally similar theorems and
proofs, which are then supplied to the LLM as contextual
guidance. However, this strategy depends on both a high-
quality proof corpus and an effective retrieval model: require-
ments that are difficult to satisfy in our setting. For example,
in seL4, when developers introduce a new module (such as
Syslnit, as shown in our evaluation) together with its accom-
panying proofs, comparable proofs are often absent from ex-
isting libraries. Moreover, even when analogous theorems do
exist, neither model-agnostic nor model-dependent retrieval
techniques reliably identify them within a large verification
codebase [21, 22]. In such cases, weak retrieval can degrade,
rather than improve, the quality of generated proofs.

Another approach is to fine-tune LLMs on collected proof
data. This method is considerably easier to implement and
has already demonstrated promising results in formal math-
ematical proving. However, fine-tuning a model to directly
generate complete proofs for software verification remains
highly challenging.

First, even in seL4, the available corpus consists of only
about 20K theorems, which severely limits the effectiveness
of fine-tuning. Second, unlike formal mathematics, most
proofs in systems like sel.4 are procedural: as our example
illustrates, their true semantics reside implicitly in the the-
orem prover’s internal proof states rather than in the proof

scripts themselves. As a result, LLMs struggle to acquire
the necessary reasoning signal from surface-level proof text
alone, making this approach impractical for now.

3 Methodology

We propose a neuro-symbolic approach for proof step search
on system-level theorems. The overall procedure is illustrated
in Figure 2. Starting from the root node, which represents the
initial proof state, the search alternates between proposing
new steps and deriving new proof states by executing those
steps within the ITP.

To construct the next set of candidate proof steps for the cur-
rent proof state, we first prompt a fine-tuned LLM to generate
potential steps, and then apply a rule-based revision to refine
or fix any imprecise suggestions. After executing these steps
and obtaining a collection of new proof states, we introduce
a hybrid mechanism to identify the most promising ones for
further exploration. Specifically, we apply QuickCheck [15]
and Nitpick [14], which serve as counterexample generators
that help detect false conjectures or invalid intermediate proof
states in Isabelle/HOL, to discard any proof state that contains
a counterexample. We then use the LLM’s prediction score
(cumulative perplexity) to rank the remaining states and select
the most promising one. Finally, if the search for the proof
fails, we invoke an automated tool, i.e., Sledgehammer, to
attempt to complete the proof. Putting all the above together,
we establish the framework in Algorithm 1.



Algorithm 1 Proof Search Framework

Require: initial state sy, neural generator G, symbolic
checker C, max iterations Ijyax

1: initialize tree 7" with root containing s
2: for each iteration i € [1,Iax] do
3: n <— highest_score_unexplored(7’)
4 succStates < [|; failStates <— ||
5: candidates < G (n.state) > step generation
6: for each step d € candidates do
7 s < apply(d, n.state) > ITP execute
8 if s is error state then
9 failStates.add((s, ,1og ps))

10: else

11: succStates.add((s, 9,1og pg))

12: for each (s,9,log ps) in REVISE(failStates) do

13: s < apply(, n.state)

14: succStates.add((s, 8,log ps))

15: for each (s,9,log ps) in succStates do

16: if s has no subgoals then

17: return proof script > proof completed
18: if C(s) detects duplicate or counterexample then
19: continue > state filtering
20: score <— combine(n.score, log ps) > scoring
21: insert_node(7, (s, score))

22: return FAIL

3.1 Proof Step Generation & Revision
3.1.1 Proof Step Generation

Our approach begins by generating candidate proof steps
through prompting a fine-tuned LLM. Given the current proof
state, which encapsulates the available hypotheses and the
target goal, we query the model to propose the next proof step
using a simple instruction template:

### Given the following Isabelle proof state,
suggest the next proof step.

### Input:

<current_proof_state>

### Response:

<next_proof_step>

The rationale for focusing on the current proof state is
twofold. First, automated theorem proving can be cast as a
sequential decision-making problem, and thus can be modeled
as a Markov decision process, in which a standard result
stipulates that pure, history-independent policies (i.e., the
next step depends solely on the present state) suffice for the

reachability objective, i.e., to reach the “proof done” state.

This is also a common practice in the literature of proof

search, which turns out to be critical for efficiency [23, 24, 25].

Second, the structure and vocabulary of the proof state provide
strong cues regarding which tactics are applicable and which

premises are likely to be relevant [26, 27]. Additionally, we
focus on predicting a single step at a time. This is because,
although multi-step prediction is possible in principle, the
complexity of real proofs and the limited amount of available
data make such predictions considerably more challenging;
empirically, one-step prediction yields more reliable results.

To fine-tune the model to predict such next steps, we con-
struct a dataset of state—step pairs extracted from existing
theorems and their complete proofs. Each proof is decom-
posed into individual proof steps and replayed in the ITP,
allowing us to record the intermediate proof state preceding
every step. Using these aligned pairs, we fine-tune the LLM
to generate outputs that are not only syntactically correct but
also semantically sensible. Finally, since proof search de-
mands efficient generation, we employ relatively small LLMs
(e.g., 1.7B or 7B size), which are nevertheless sufficient for
our specific tasks.

3.1.2 Proof Step Revision

Writing syntactically and semantically valid proof steps in an
ITP (such as Isabelle) is challenging, particularly in system
verification tasks that depend on numerous domain-specific
lemmas and tactics. Consequently, even a well-trained LLM
may generate steps that either refer to premises or tactics ab-
sent from the current proof context, or cannot be applied to the
current goals due to syntactic errors or lack of progress. Such
failures substantially degrade the effectiveness and efficiency
of the proof search.

Despite their incorrectness, these failed attempts often con-
tain useful information. Continuing our running example,
an LLM might identify relevant premises cap_swap_def but
pair them with an inapplicable tactic by; or it may propose a
promising tactic wp while selecting premises hoare_seq_ext
that do not precisely fit the context.

To fully exploit these incorrect but reasonable responses
from LLMs, we employ a best-effort repair procedure. When-
ever the ITP rejects an LLM-generated step, we record it for
post-processing and re-evaluate the revised version. After
examining all proposed steps for a given proof state, we sys-
tematically transform the failed ones in two ways: (1) tactic
repair: we extract the premises referenced by misused tactics
and recombine them with a curated set of frequently used tac-
tics; and (2) premise repair: we search the proof context for
similar premises and substitute them where appropriate. By
synthesizing additional candidate steps, these symbolic revi-
sions help reveal prover-accepted steps, thereby strengthening
the overall proof search.

For the tactic repair, we first extract all tactics from the
training corpus. Given a proof step rejected by the ITP, we
attempt to rewrite it by identifying the premises referenced
in the failed step and recombining them with the pre-built
tactic set. As to the premise repair, which explicitly targets
proof steps that fail with an “undefined fact” error, we attempt



Algorithm 2 Proof-step revision and execution

Require: Failed proof state set failStates
1: revisedSteps <« ||
2: premiseSet <— established from trainingCorpora
3: tacticSet <— established from trainingCorpora
4: for each (s,9,log ps) € failStates do
if s.error is w.r.t. tactic then
p < extract referred premises in &
revisedSteps.add(combine(tacticSet, p))

> tactic repair

if s.error is w.r.t. premise then > premise repair
t/p + extract referred tactic/premises in &

10: p' + retrieve similar premises from premiseSet

11: revisedSteps.add(combine(t, p’))

R AN

12: return revisedSteps

to correct every LLM-generated undefined premise using an
available version from the proof context. Concretely, we
compare the undefined fact with all candidate premises using
edit distance and select the closest matches (e.g., the top three).
The failed step is then revised by substituting the matched
premises for the undefined ones.

The procedure of proof-step revision is summarized in Al-
gorithm 2. However, the revision can produce a large number
of candidate steps. To alleviate this, we impose constraints
to keep the search space manageable. For tactic repair, we
limit the tactic set (e.g., to the 12 most frequently used tac-
tics). For premise repair, we pre-select a compact subset of
premises from the library. In particular, we use MePo (a
heuristic module in Isabelle’s Sledgehammer that ranks and
selects premises relevant to a given goal) as a lightweight
relevance filter to retrieve the 128 facts most related to the
current subgoal.

3.2 Proof State Filtering & Ranking
3.2.1 Proof State Filtering

To alleviate state explosion in tree-search approaches, we
reorganize the accumulated proof states before further ex-
ploration. Particularly, after generating new proof states by
executing the newly produced proof steps, we first invoke
two complementary symbolic tools, QuickCheck [15] and
Nitpick [14], to detect potential counterexamples in the can-
didate states. QuickCheck performs random property-based
testing on executable parts of the proof state, whereas Nitpick
translates higher-order formulas into finite relational models
and searches for counterexamples using Kodkod, which is a
SAT-based first-order relational model finder.

Additionally, we adapt the tool SolveDirect [28] to detect
potentially duplicate proof states. Initially, SolveDirect deter-
mines whether a newly stated theorem can be solved directly
using an existing one. In our setting, we formalize two proof
states as theorems and apply SolveDirect in both directions

to determine whether they are semantically equivalent.

We use a basic theorem in sel.4 as an example to illustrate
proof state filtering. Consider the “signed overflow” theorem,
whose formal statement is as follows.

theorem sofl_test:
< sint x + sint y = sint (x + y) <
drop_bit (size x - 1)
((x + y XOR x) AND (x +y XOR y)) = @ >
for x y :: < ’a::len word »

The theorem claims that for two signed machine words,
the value of their machine-level sum matches the sum of the
mathematical values they represent. This property guarantees
the correctness of the machine-word definitions on which the
low-level kernel specifications depend. To prove this theorem,
the LLM proposes a total of 8,445 candidate proof steps, ren-
dering exhaustive exploration prohibitively time-consuming.
Nevertheless, our filtering reveals that 44.2% of these steps
lead to duplicate proof states, and 52.3% of the remaining
states are unprovable due to existing counterexamples. Thus,
the state-filtering process effectively eliminates unproductive
effort and conserves the search budget, enabling the proof to
be found much earlier.

3.2.2 Proof State Ranking

To guide the proof search efficiently, we rank all proof states
and always expand the most promising ones first. To score a
given proof state, we rely on the log probabilities predicted by
the fine-tuned LLM. The LLM is trained to predict the next
proof step; its log probability directly reflects the model’s
confidence in applying that step to the current proof state.

Consider a candidate proof state sy, obtained by apply-
ing a sequence of proof steps (ai,...,ar—1). We define its
cumulative log-probability score as

_ Z;L:_ol logp(a; | s¢)

score(sy) T ,

where s1,...,57—1 are the intermediate states produced by the
corresponding steps. The normalization term L* mitigates
the inherent bias against longer proof sequences, with the
exponent o specifying the degree of mitigation [18], which
we set to 1 by default. After computing the score for each
proof state, we select the top-k states for further expansion
where k is a hyperparameter.

3.3 Hammer Integration

Hammers are tools designed to discharge proof goals in ITPs
automatically. In Isabelle, the primary hammer is Sledge-
hammer [16], which applies ATPs and SMT solvers (e.g., Z3,
CVCS, E, SPASS, Vampire, etc) to the current goal and syn-
thesizes corresponding Isabelle proofs. When invoked, it first
retrieves a fixed number of potentially relevant premises that
may aid in solving the goal. These premises, together with the



goal, are translated into a form suitable for backend ATP and
SMT solvers. If a backend solver succeeds, Sledgehammer
attempts to reconstruct a corresponding Isabelle proof step,
and, when this reconstruction succeeds, a complete proof for
the current goal is returned to the prover.

Although Sledgehammer’s performance is far from satis-
factory for our tasks, it plays a mutually beneficial role in the
tree search process. In particular, while tree search may fail
to solve the original problem within a limited search budget,
it often reduces the problem to a simpler form that Sledge-
hammer can solve, even though it cannot solve the initial goal
on its own. This makes it natural to integrate the hammer
into our framework. Because invoking the hammer at every
search step is prohibitively expensive, we only call it when
tree search fails. Specifically, upon search failure, we rank all
proof states in the currently expanded tree, select a small sub-
set with the highest scores, and pass them to Sledgehammer
for a final attempt at solving the goal.

4 Evaluation

This section presents our experimental results. We use sel.4
as a system-level evaluation testbed to demonstrate both the
effectiveness and efficiency of our proposed method. In ad-
dition, we introduce four additional repository-level bench-
marks to further assess its generalizability. Specifically, our
study aims to address the following research questions (RQs):

* RQ1 - Effectiveness: Does our proposed method outper-
form existing techniques in generating proofs for seL.4?

* RQ2 - Efficiency: How much human effort in proving
seL.4 can be saved using our proposed method?

* RQ3 - Generalizability: Can our method perform well on
the verification of other software projects?

* RQ4 - Ablation: What is the contribution of each compo-
nent within our framework?

All evaluations were carried out within a dedicated Docker
environment on a Linux server with an AMD EPYC 9654
96-core processor and six high-end GPUs.

4.1 Isabelle REPL

To enable efficient interaction with Isabelle from Python,
we implement a new Isabelle REPL (Read-Eval-Print Loop),
whose logic builds on scala-isabelle [29] and Py4J [30]. The
REPL provides a Gateway Server that exposes Isabelle com-
ponents to Python clients through a unified API. This de-
sign enables programmatic interaction with Isabelle, allowing
users to parse Isabelle theories, extract run-time context infor-
mation, and execute proof steps incrementally.

Compared to the previously developed Isabelle REPL,
PISA [31], our REPL supports more recent Isabelle versions

and provides extended ML-level capabilities. A wide range of
Isabelle’s proof-automation tools, including Sledgehammer,
Nitpick, QuickCheck, and other integrated methods, can be
accessed directly through our interface. It also improves the
extraction of information from proof contexts, such as vari-
ables and assumptions in proof goals, dependencies of proved
theorems, and facts selected by Sledgehammer.

In addition, our REPL provides improved management of
the Isabelle process, top-level state, and theories. It allows
users to safely impose strict time limits on Isabelle processes,
as well as to clone, restore, and switch between different
proof states. Theory management is also strengthened: in
large verification projects, complex theory dependencies can
heavily degrade compilation efficiency. For example, in the
CRefine theory of selL4, a single proof step takes more than
one minute to process. To address this, we implement a
caching mechanism that avoids redundant execution of unre-
lated theorems and proofs, significantly reducing unnecessary
recomputation.

4.2 Experimental Setup

Dataset. We use the FVELER dataset [10], which comprises
29,125 theorems from sel.4. The dataset is split into four sub-
sets, i.e., training, validation, test, and test-hard, containing
26,081, 1,115, 1,077, and 852 theorems, respectively. Follow-
ing the FVEL criteria, the training, validation, and test sets
are randomly partitioned. In contrast, the test-hard set con-
sists of theorems drawn from three specific and independent
sessions, i.e., Syslnit, SysInitExamples, and LibTest, that do
not appear in any of the other splits. Note that sessions are
the way Isabelle organizes theory files, which resemble the
relationship between code files and libraries in other program-
ming languages. A theory can import other theories, and a
session can depend on other sessions by declaring dependen-
cies in the Isabelle ROOT file. These sessions are typically
selected based on the depth of their session-level dependency
graphs, and the theorems they contain exhibit more complex
dependencies, making them considerably more challenging
to prove.

In our experiments, we use the training set as the corpus
for fine-tuning LLLMs, and adopt validation, test, and test-hard
sets to evaluate our proposed framework. From the training
set, we further extract all proof state—step pairs, yielding a
total of 181,887 pairs. On average, each theorem contributes
to about seven pairs, substantially increasing the amount of
supervised data available for model training.

Training. We fine-tuned two small models, Qwen3-1.7B [32]
and Mistral-7B [12], to predict and score each proof step. We
carried out the full-parameter supervised fine-tuning (SFT)
using the Llama-Factory framework [33]. We use DeepSpeed
ZeRO-2 optimization to enable memory-efficient distributed
training. The training used an effective global batch size of
16 and ran 3 epochs using bfloat16 mixed precision. The



learning rate was set to le-5 and followed a cosine decay
schedule with a warmup ratio of 0.1.

Proving. For the LLM inference, we adopt a high temperature
of 1.0 and a top-p value of 0.95 to explore the proof space
sufficiently. The maximum generation length is fixed at 2,048
tokens. In each search iteration, at most five proof states
are selected; for each proof state, the model is prompted
to generate 128 candidate proof steps. In our framework,
we disable LLMs’ internal thinking to improve inference
efficiency.

When proof search fails, we select the 16 highest-scoring
proof states and invoke Sledgehammer for assistance. We run
Sledgehammer with its default premise-selection strategy: it
first selects 2,048 most relevant premises for the current proof
goal using MeSh, which combines MePo [34] and MaSh [35]
to gauge relevance between the proof goal and available facts
in the context. With these retrieved results, Sledgehammer
then attempts to discharge the current subgoal using the built-
in SMT/ATP solvers Z3, CVCS5, E, SPASS, and Vampire,
with a 60s time limit.

Baseline. We select four neural or symbolic proof-generation
methods as baselines. Selene prompts GPT-40 with the tar-
get problem and several examples to generate a candidate
proof. FVEL follows a similar paradigm but also fine-tunes
a Mistral-7B-Instruct model on the training data to produce
complete proofs, rather than using in-context learning. We
also include two symbolic methods, Auto and Sledgehammer,
which operate purely symbolically to prove the target theorem.
Here, Auto is a collection of common symbolic automatic
proving methods in Isabelle, such as by simp, by auto, and
by fastforce. The time limit for all methods is set to 120
minutes, as we observed no noticeable improvement when
increasing it further.

4.3 Experimental Results
4.3.1 RQ1: Effectiveness Comparison

Table | summarizes the performance of our approach com-
pared to both neural and symbolic baselines. Among neural
methods, Selene achieved 156 successful proofs, while FVEL
improved this to 219. As for symbolic baselines, Auto proved
164 theorems, whereas Sledgehammer reached 1,124. In
contrast, our framework substantially outperforms all these
baselines across different splits. Using the fine-tuned Mistral-
7B model, our approach produces a total of 2,167 successful
proofs, of which 788 are on the validation set, 811 are on the
test set, and 568 are on the test-hard set. This accounts for
77.6% of all still valid theorems across the three evaluated
sets, 37.3 percentage points higher than the best baseline,
Sledgehammer. It is also encouraging that, on a relatively
small model, Qwen3-1.7B, our approach manages to com-
plete the proof of 1,965 theorems, which amounts to 70.4%
of the total theorems. This demonstrates that in a real environ-

Table 1: Proof success rates (%) across validation (Val), test
(Test), and test-hard (TsHd) splits. Compared to existing neu-
ral and symbolic provers, our framework delivers substantial
improvements: Qwen3-1.7B achieves 70.4% overall success,
and Mistral-7B reaches 77.6%, exceeding the strongest base-
line by 30.0 and 37.3 percentage points, respectively.

Method Val Test TsHd Total

Neural Selene 6.1 7.0 3.3 5.6
FVEL 8.9 9.5 4.5 7.8

Symbolic Auto 49 6.7 6.1 5.9

y Hammer 40.5 39.5 40.9 40.3
Qwen3 73.6 74.9 61.1 70.4

o A 133.1 135.4 120.2 130.0

urs Mistral 79.8 89.0 69.8 77.6
A 139.3 149.5 128.9 137.3
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Figure 3: Proof success rate across ground-truth proof lengths.
Our approach consistently outperforms existing methods. In
particular, the success rate decreases as proofs grow longer,
but our approach still maintains non-negligible performance
even on proofs exceeding 10 lines.

ment where new proofs need to be crafted, a deployed small
model can already help with the development of verification.
We further evaluate the performance of our automated prov-
ing approach in two aspects. First, prior work struggled to
generate nontrivial proofs. Since the proofs in seL4 are largely
procedural, we use the proof length as a proxy for proving
difficulty. We compute the proof success rate across differ-
ent proof lengths and present the results in Figure 3. The
results show that our approach is more capable of proving
longer theorems than previous baselines. Although the suc-
cess rate naturally decreases as proof length increases, it re-
mains around 20% even for the 393 theorems whose proofs
exceed 10 lines. We leave it as future work to investigate
more effective strategies for constructing longer proofs.
Second, we examine the performance across different proof
sessions. We group the seL4 theorems into six major cate-
gories w.r.t. the functionality [5, 36, 37]: Base Libraries &
Tools (Base), Specifications (Spec), Abstract-Level (A-Level)
Properties, Refinement from Abstract-Level to Executable C
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Figure 4: Proof success rates across the six selL4 session cat-
egories. Our approach yields stronger performance than all
baselines in all sessions. Notably, it achieves high accuracy
even on the challenging SysInitGroup category, which is en-
tirely unseen during training.

(A—C), Security/Information Flow Control (IFC), and Sys-
tem Initialization Group (SysInitGroup). Figure 4 presents
the results across these categories, demonstrating that our
approach delivers superior performance compared with all
baselines across all sessions. Notably, under the test-hard set
division strategy, SysInitGroup is derived from a completely
distinct session and is isolated from the training data, yet our
approach still achieves a success rate of 67.6%.

Response to RQ1

Our approach substantially outperforms baselines,
achieving a success rate 37.3 percentage points higher
than the (symbolic) ATP tool Sledgehammer and 69.8
percentage points higher than the state-of-the-art neu-
ral method. It remains reliably effective across dif-
ferent proof difficulty levels and session categories.
Further, it demonstrates good generalizability, suc-
cessfully discharging 67.6% of the theorems from
unseen sessions during training.

4.3.2 RQ2: Proving Efficiency in Saving Human Efforts

To evaluate how effectively our approach reduces manual
effort in developing proof scripts, we adopt a standard met-
ric: the coverage of the entire library that can be automati-
cally generated [38]. As summarized in Table 2, our method
successfully proves theorems whose corresponding proofs

Table 2: Coverage results of automatically generated proof
lines. Our method attains the highest coverage, proving theo-
rems whose existing proofs amount to over one-third of all
proof lines and substantially outperforming existing baselines
in reducing manual proof-script development effort.

Method # of proof lines % of coverage
Selene 197 1.1
FVEL 271 1.6
Auto 204 1.2
Hammer 2,581 15.0
Ours 6,235 36.2
§ 90 86.03
[] 8%74 ®
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Figure 5: Proof completion rate under varying proportions
of expert-provided proof lines. Our method is increasingly
effective as more human-written lines are supplied. Overall,
the method reduces human effort by 71.1% on average.

account for 6,235 lines in the seL4 proof corpus, achieving
36.2% coverage across all evaluated theorems. Under this
metric, our approach yields more than a one-fold improve-
ment over existing baseline methods.

To evaluate how effectively our approach reduces manual
proof effort, we simulate an Al-human collaborative work-
flow: for each theorem, we supply a prefix of the ground-truth
proof (the first ¢ fraction of expert-written lines) and ask our
approach to complete the remaining steps. Figure 5 plots the
proof completion rate as a function of the prefix ratio G.

As the prefix grows, more theorems become completable.
Including cases solved entirely automatically (¢ = 0), our
approach saves at least 10% of the expert proof effort for
86.0% of the theorems. To summarize this curve with a single
metric, we define the average effort saving 1:

n=) (pi—pi-1)-6i, po=0,

-

i=1

where (G1,...,0;) are the prefix ratios in ascending order,
and p; is the fraction of theorems whose remaining proof
can be completed automatically given a G;-prefix. This yields
N = 71.1%, meaning our approach reduces human proof effort
by roughly two-thirds on average.

We also record the time consumption of our framework as
a reference; the average time to generate a successful proof is
139.1 minutes. However, it is worth noting that this average
is skewed upward by a small number of theorems that take
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Figure 6: Sequence and Jaccard similarity between generated
and ground-truth proofs across proof lengths. Both metrics
remain low and decrease as proofs grow longer, suggesting
the model synthesizes novel strategies rather than recalling
memorized proofs.

extremely long to prove. In our experiment, we find that
58.4% of the theorems are proved within 10 minutes, 73.4%
within 30 minutes, and 80.8% within 2 hours. Therefore,
the majority of proofs are obtained within minutes to tens of
minutes—substantially faster than manual proof development,
which often requires hours to days per theorem for complex
system properties.

Response to RQ2

Our approach alleviates much of the burden of in-
teractive theorem proving, automatically completing
proofs that correspond to 36.2% of the proof lines
in the evaluated corpus and reducing expert effort by
approximately 71.1% in an Al-human collaboration
setting. Moreover, it is able to synthesize the majority
of proofs within a practical time budget.

4.3.3 RQ3: Generalizability to Other Projects

A major concern with training-based methods is their general-
izability, namely, whether the approach is only applicable to
a specific domain due to potential data leakage or overfitting.
To investigate possible leakage, given that the selL4 proofs
are publicly available and that the pre-trained model may have
already incorporated some of the knowledge, we compute the
similarity between the ground-truth proofs and the proofs
generated by our approach using sequence similarity [39]
and Jaccard similarity [40]. As shown in Figure 6, both
metrics remain low and, crucially, decrease as proof length
grows. If the model were memorizing ground-truth proofs, we
would expect similarity to remain high regardless of length;
the observed downward trend instead suggests the model
is synthesizing novel proof strategies rather than recalling
memorized ones. The only exceptions are one- or two-line
proofs, where the solution space is inherently small—yet even
among these, only 16.7% are identical to the ground truth.
We further explore the generalizability of our approach
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Figure 7: Performance of our proof search framework on ad-
ditional benchmarks. The x-axis lists the benchmarks, where
entries in brackets denote the number of theorems included in
each benchmark. Our approach consistently achieves higher
proof success rates across all benchmarks, demonstrating
strong generalizability and robustness.

and the fine-tuned LLM. We select three projects from the
Archive of Formal Proofs (AFP"), i.e., X86 Semantics [41],
IEEE Floating Point [42], and SATSolverVerification [43], to
directly apply proof search on the theorems therein. In addi-
tion, we include the code verification benchmark Code2Inv
and translate its loop invariants into Isabelle theorems.

The performance of our approach and baselines is shown
in Figure 7. Because the X86 semantics benchmark is more
relevant to the seL.4 project, the fine-tuned LLM performs
particularly well on it, yielding a 32.5% higher success rate
than the baselines. The other three benchmarks are hammer-
friendly because of their SMT-oriented nature. Even in this
setting, our framework demonstrates superior effectiveness,
achieving an average relative improvement of 36.9%.

Response to RQ3

The knowledge acquired by the fine-tuned LLM, to-
gether with our proof search framework, generalizes
well across domains. In particular, the approach can
be effectively leveraged to assist proof construction
in a wide range of formal verification tasks beyond
the selL4 setting.

4.3.4 RQ4: Ablation study

Since our approach integrates several components, namely
LLMs, hammer, as well as proof-step revision and proof-

*https://www.isa-afp.org/


https://www.isa-afp.org/

state filtering mechanisms, we conduct ablation studies to
evaluate the contribution of each part of the framework. To
assess the impact of our fine-tuned model, we replace it with
off-the-shelf LLMs such as GPT-40 or DeepSeek. Due to
budget constraints (running tree search costs approximately
$4.1 per theorem on average when using the DeepSeek or
GPT-40 APIs), we randomly sample 200 theorems from the
benchmark and use the DeepSeek API to propose proof steps.

In addition, inspired by Rango [8], we implement a
retrieval-augmented generation (RAG) mechanism. The re-
trieval module fetches both similar proof steps and potentially
relevant premises. Similar steps are retrieved from the train-
ing set based on the similarity between their associated proof
states and the current proof state, where these states are tok-
enized into sequences of identifiers, and relevance is measured
using BM25 [44]. For premises retrieval, we continue to rely
on Sledgehammer’s MePo heuristic for efficiency. The final
prompt for LLMs includes the retrieved steps and premises
along with their statements, and we restrict the total lengths
of steps and premises to 1024 and 512 tokens, respectively.

The results for all method variations are reported in Ta-
ble 3. Overall, although adding tree search and RAG steadily
improves DeepSeek’s performance, these variants still fall
significantly short of our full framework. This confirms that
the combination of the fine-tuned model, structured search,
and hammer integration is essential for achieving high proof
success rates, and highlights the importance of each major
component in our design.

We also evaluate the impact of the fine-tuning process by
adopting a hammer-free tree search setting to focus on the
quality of proof steps generated by the model itself. As shown
in Table 4, vanilla base models such as Mistral-7B and Qwen3-
1.7B struggle with formal proof tasks, yielding negligible
success rates even when augmented with tree search. This
underscores the necessity of our domain-specific fine-tuning.

To evaluate the impact of the step revision mechanism, we
analyze the theorems that become difficult to prove when
the revision is disabled. We observe that revision is most
beneficial when the LLM fails to generate enough effective
proof steps. In particular, for the most challenging 77 theo-
rems where the model initially proposed no valid steps and
therefore failed immediately, the revision procedure is highly
effective, enabling 24.7% of these theorems to be proved. For
a broader set of 220 theorems where the LLM proposed fewer
than 5% valid steps, the revision mechanism still provides
substantial gains, allowing 11.8% of them to succeed.

Regarding the necessity of proof state filtering, particularly
the counterexample detection, our experiments show that in-
corporating this component allows the system to identify an
average of 1.3 counterexamples per evaluated theorem. For
the subset of search traces that contain counterexamples, the
average number rises to 11.1. These results indicate that
counterexample detection is valuable for identifying unprov-
able states early and preventing unproductive search efforts,
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Table 3: Proof success rate (%) on several variants of our
framework. The proof success rate increases progressively
as tree search, retrieval augmentation, and hammer are in-
corporated, indicating the necessity of each component. The
comparison highlights that our full approach, which replaces
the off-the-shelf model with a fine-tuned LLM, achieves sub-
stantially stronger performance.

Method Variation Rate
DeepSeek (DpSk) v3.2 5.5
DpSk + Tree Search 12.5
DpSk + RAG + Tree Search 33.0
DpSk + RAG + Tree Search + Hammer 52.0
Ours (Trained LLM + Tree Search+Hammer) 70.0

Table 4: Effect of supervised fine-tuning under the same tree-
search configuration. Without fine-tuning, the base models
solve almost no theorems; in contrast, after supervised fine-
tuning, both models reach around 60% proof success.

Method Variation Rate
Mistral-7B + Tree Search 0.0
Qwen3-1.7B + Tree Search 0.1
Mistral-7B SFT + Tree Search 59.8
Qwen3-1.7B SFT + Tree Search 57.1

although it does not directly increase the overall success rate.

Response to RQ4

Each of the symbolic and neural components in our
framework plays an essential role, and their synergy
substantially strengthens the overall theorem-proving
capability for software verification.

5 Further Analysis

Beyond aggregate accuracy, we examine how our proposed
framework actually constructs successful proofs and what
causes the remaining failures.

5.1 Successful Case Studies

We discuss two successful proofs that exhibit complemen-
tary patterns: a short symmetry lemma closed by an LLM-
proposed case analysis combined with the symbolic tool
Sledgehammer (C1), and a long Hoare-triple proof for an
sel4 fault handler built entirely from LLM-generated steps
(C2). For each, we show the theorem, the proof our frame-
work discovered, and the search behavior behind it.



C1. A symmetry lemma in CSpace. The sel.4 lemma
same_object_as_commute, from the CSpace invariant de-
velopment, states that the capability-equivalence relation
same_object_as is symmetric. The selL.4 proof reduces the
equality to a one-way implication via subgoal_tac and closes
both directions with a single auto call. Our framework takes
a different route: it splits on ¢’ first and lets Sledgehammer
discharge each constructor case independently.

lemma same_object_as_commute:
"same_object_as ¢’ ¢ = same_object_as c ¢

apply (case_tac c’)

apply (simp_all add: same_object_as_def split:

cap.splits)

apply blast

apply meson

apply blast

using bits_of_def apply force

apply blast

apply blast

using same_aobject_as_commute by blast

n

What the framework did. At depth 0, the LLM proposed
several decompositions. Tree search explored seven of them,
including case_tac c¢ with various simp-set expansions, be-
fore settling on case_tac c’ followed by simp_all (split:
cap.splits), which left a small frontier of constructor cases.
Sledgehammer then closed the leaves with single-line blast,
meson, and force calls, together with the previously proved
same_aobject_as_commute .

C2. Invariance under VM-fault handling. The lemma
hv_inv_ex, from the ARM ArchSyscall_AI session, is a top-
level Hoare triple for seL4’s VM-fault handler: it asserts that
an arbitrary precondition P is preserved along the exceptional
return path. The seL4 proof is a single composite tactic that
relies on dedicated x_inv weakest-precondition lemmas:

lemma hv_inv_ex:
"{IP|} handle_vm_fault t vp {jA_ _.
by (cases vp;
wpsimp wp: dmo_inv getDFSR_inv getFAR_inv
getIFSR_inv getRestartPC_inv)

Truel}, {A_. P}"

Our framework arrives at a substantially different proof.
It does not use any of the x_inv lemmas; instead, it rebuilds
the argument as a 29-step script of wp/wpsimp calls, clarsimp
unfoldings, and four explicit postcondition weakenings via
hoare_post_imp. Sledgehammer is never invoked: every step
is produced by the LLM and validated by the Isabelle kernel.
The proof below is abridged.

What the framework did. After the initial cases vp split,
the proof unfolds along three near-parallel branches, one
per fault sub-handler (getDFSR, getFAR, getIFSR). Tree
search repeatedly favored wp/wpsimp steps interleaved with
clarsimp unfoldings as the symbolic state became exposed.
At four points, the LLM proposed intermediate postconditions
through rule_tac P=... + hoare_post_imp, which were es-
sential to keep the proof state tractable. None of the 29 steps
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required Sledgehammer.

lemma hv_inv_ex:
"{IP} handle_vm_fault t vp {JA_ _.
apply (cases vp, simp_all)
apply wp
apply (clarsimp simp: do_machine_op_def getDFSR_def)
apply wp
apply (case_tac rv)
apply clarsimp
apply (rule_tac P="P and (Ax. snd (aa,ba) =
machine_state x)" in hoare_post_imp)
(* ... 20 proof lines omitted ... %)
apply clarsimp
apply (drule in_inv_by_hoareD [OF gets_inv])
by simp

Truel}, {A_. P}"

Summary of successful cases. In both cases, the framework
reaches the theorem through a proof structure that differs
from the selL4 script: decomposing the equality on the op-
posite side in C1, and expanding a one-line composite tactic
into a 29-step derivation in C2. These examples show that
the system genuinely composes LLM generation, symbolic
validation, and Sledgehammer integration on non-trivial sel.4
goals, rather than replaying memorized scripts. Further exam-
ples are available in our GitHub repository.

5.2 Failure Analysis

We next turn to the failures. Across the three evaluation splits,
692 theorems remain unsolved (validation: 241, test: 199,
test-hard: 252). We study them at two different granularities.
At the step level, our tactic-error analysis draws on the 7.77M
individual tactic attempts logged for the 241 failed theorems
on the validation split, where each rejected step records the
underlying Isabelle kernel error. At the run level, our search-
outcome analysis draws on the 451 failed runs from the test
and test-hard splits, whose logs record the maximum search
depth reached before the budget was exhausted.

Step-level error categories. Of the 7.77M tactic attempts on
the validation failures, 30.1% advance or duplicate the proof
state, while 69.8% raise a kernel error. Table 5 groups these
errors into 12 categories, two of which dominate. The first
is lemma hallucination, which combines the undefined-fact,
undefined-method, and undefined-constant categories and
accounts for 61.1% of all errors. The second is shape mis-
match, captured by tactic-inapplicable, which contributes
another 17.9%. Together, these two patterns explain 79% of
rejected tactics: the model most often cites premises absent
from the active context, and otherwise produces well-formed
tactics that do not fit the current goal shape. The remaining
categories, including schematic-variable mistakes, syntax er-
rors, type errors, tactic timeouts, and unfinished by closures,
each contribute under 3%.

Search-level outcomes. Table 6 shows how far search gets
before exhausting its budget. Only 3.7% of failures stall
by depth 10. Most failures therefore make real multi-step



Error category Count % Error category Count %
Undefined fact 3,263,494 60.1 Bad method args. 65,430 1.2
Tactic inapplicable 976,398 17.9 Inner syntax error 50,033 0.9
Multi-line / other 423,982 7.8 Undefined method 47,163 0.8
Unknown variable 161,842 2.9 Proof unfinished 37,100 0.6
Outer syntax error 153,037 2.8 THM exc. 26,750 0.4
Type unification 110,717 2.0 Undefined constant 8,852 0.1
Tactic timeout 102,099 1.8

All errors 5,427,419 100

Table 5: Step-level error breakdown over all tactic attempts
on the validation failures (241 theorems, 7.77M attempts).
Undefined-fact alone accounts for nearly two-thirds of all
errors: the LLM repeatedly cites premises that do not exist in
the active context.

Max search depth reached Theorems %0
0 (no progress past initial state) 11 24
1-10 (early stall) 6 1.3
11-30 (medium-depth stall) 109 24.2
31-60 (deep stall) 181 40.1
> 60 (very deep) 145 32.0
Total 451 100

Table 6: Search-depth distribution for failures on the test
and test-hard splits (the validation log format does not record
depth markers). Only 3.7% of failures stall before depth 10;
most failures make substantial multi-step progress and run
out of budget later in the search.

progress (> 11 depth in 96% of cases) but run out of the 128-
attempt budget later in the search. On the validation split,
where Quickcheck signals are logged, 23 of 241 failed theo-
rems (9.5%) contain at least one search node with a genuine
counterexample. These cases suggest that the extracted obli-
gation is unprovable in the active context, typically because an
essential assumption is dropped when proof states are sliced
from the original seL4 scripts to form the benchmark; we
treat them as benchmark-side issues rather than framework
failures. Sledgehammer was invoked on all 231 validation
failures that still had a residual goal but closed none of them,
indicating that the remaining goals lie outside the reach of
oft-the-shelf SMT/superposition.

Summary of failure modes. The two analyses converge on
the same bottlenecks. At the step level, wasted budget is dom-
inated by missing premises (~61% of errors) and goal-shape
mismatches (~18%). At the run level, most failed runs do
not stall early; they reach substantial depth and then exhaust
the budget on residual goals that Sledgehammer cannot close
either. We therefore see two clear directions for future work:
better premise grounding to reduce lemma hallucination, and
longer-horizon planning to prevent late-search collapse on
deep proofs.
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6 Related Work

6.1 Software System Verification via ITP

Formal methods have successfully verified critical software
systems including operating system kernels, hypervisors, file
systems and compilers. Interactive theorem proving (ITP) pro-
vides strong formal assurance by allowing engineers to encode
specifications and build proofs in ITP systems such as Rocq
or Isabelle/HOL. Notable examples include CertiKOS [45],
which employs a compositional refinement framework to ver-
ify a layered OS kernel; CompCert [4], an optimizing C
compiler whose translation passes are all verified to preserve
semantics; FSCQ [11], a crash-safe file system proven correct
under all failure scenarios using Crash Hoare Logic; seKVM
hypervisor [46], a reduced KVM core with enforced confi-
dentiality and integrity of guest memory; sel.4 [5], an OS
microkernel with machine-checked proofs of functional cor-
rectness and security properties. These efforts demonstrate
that ITP enables high-assurance proofs for critical systems,
albeit at a significant engineering cost.

6.2 Automated Theorem Proving

Automated theorem proving (ATP) has long served as a bench-
mark for machine reasoning. Classical ATP systems rely
on symbolic methods, such as resolution-based first-order
provers (e.g., Vampire [47], E [48]) and SMT solvers (e.g.,
73 [49], CVC5 [50]) with built-in theories. These solvers are
also integrated into interactive theorem provers via hammers
(e.g., Sledgehammer [16] in Isabelle), enabling automated
discharge of proof goals [51]. Related to ATP, several works
(e.g., Ironclad Apps [52] and Verve [53]) leverage verification-
aware languages (e.g., Dafny [54] and Boogie [55]) to prove
memory and control-flow safety of system components, in-
cluding kernels and device drivers.

In recent years, machine learning has been increasingly
applied to ATP [56]. Early efforts focused on premise selec-
tion and tactic prediction using classical learning methods
(e.g., Holophrasm [57], TacticToe [26], Proverbot9001 [58],
Diva [59]), showing improved success rates in Metamath,
HOLA4, and Coq. More recently, large language models
(LLMs) have been used to generate complete proofs or
sketches [60, 61], achieving near-superhuman results on math-
ematical problems [62]. Notably, AlphaProof [63] combines
Monte Carlo tree search with reinforcement learning to solve
IMO-level competition problems in Lean, representing the
state of the art in search-based mathematical theorem proving.

Closer to our setting, prior efforts have attempted to
bring such techniques to software verification, including Bal-
dur [64], PALM [65], Guided Proof Search [66], and Goedel-
Code-Prover [67]. However, these approaches remain limited
to textbook-scale problems and do not address the challenges
of real-world system-level verification projects such as seL4.



Complementary to whole-proof generation, the proof-step
prediction paradigm harnesses LLMs to propose the next tac-
tic or lemma, guided by proof-state feedback. Systems such
as GPT-f [68], LISA [31], HTPS [69] and LeanDojo [21]
demonstrate the potential of this paradigm across Metamath,
Isabelle and Lean, but again primarily on isolated mathemat-
ical problems. Our method fills this gap by integrating a
fine-tuned LLM for proof search with symbolic techniques,
namely proof-step revision and proof-state filtering, making
large-scale verification both effective and efficient.

To further enhance reliability, hybrid approaches are pro-
posed to incorporate symbolic provers into LLM pipelines.
A series of works, including Thor [70], ProofAug [71],
Strat2Rocq [72], and LIPS [73], exemplify this by coupling
LLM-generated reasoning with ATPs or hammers. However,
hammer-only proofs tend to grow brittle on long, multi-step
obligations and place additional trust in the external solver. In
contrast, our framework integrates LLMs with an ITP-driven
proof search and invokes ATP only as a final-stage closer for
residual subgoals, keeping the bulk of the proof inside the
kernel-checked workflow.

7 Limitations and Future Work

Despite strong empirical performance, our framework has
several limitations that suggest directions for future research.
Computational cost. The overall tree-search procedure re-
mains computationally expensive. Each iteration requires
invoking Isabelle for proof-step execution and proof-state
checking, which results in substantial runtime overhead. Fu-
ture work includes developing efficient state caching, parallel
expansion, and cost-aware search policies to minimize unnec-
essary exploration and improve throughput.

Performance degradation for longer proofs. While our
method successfully constructs longer proofs than prior meth-
ods, its performance indeed degrades as proof length in-
creases. The current tree-search procedure adopts one-step
prediction and bounded search, making it challenging to un-
cover deeper reasoning chains. Future improvements could
involve hierarchical planning, subgoal decomposition, or re-
inforcement learning from bootstrapped trajectories.

Rigid rule-driven step revision. The proof step revision mod-
ules heavily rely on heuristic tactic-premise recombination
and lightweight premise retrieval. These mechanisms, though
helpful and portable via statistical extraction, are imperfect
and may introduce misleading candidates. Future improve-
ments may include learning the relevance of premises directly
from the proof state or integrating stronger semantic filters.
Leveraging frontier models. As frontier LLMs continue to
advance in reasoning capabilities, an important direction is
to explore whether agentic workflows, where a large model
autonomously invokes verification tools, inspects proof states,
and iterates, can complement or even replace parts of our
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pipeline. Our current use of fine-tuned small models is mo-
tivated by two practical advantages: lower cost and higher
inference throughput, both critical for generating and scoring
large candidate pools during tree search. A promising hybrid
architecture would delegate high-level proof planning and
subgoal decomposition to a frontier model, directly address-
ing the performance degradation on longer proofs discussed
above, while relying on lightweight fine-tuned models for
intensive step generation and ranking.

8 Conclusion

In this paper, we present a neuro-symbolic proof-generation
framework that automates proof search for large-scale soft-
ware verification projects in interactive theorem provers. In-
stead of attempting whole-proof synthesis, our approach per-
forms a best-first tree search over fine-grained proof states, re-
peatedly querying a lightweight, fine-tuned LLM for the next
proof step. This paradigm not only substantially improves
data efficiency, but also enables a seamless integration of sym-
bolic reasoning tools with LLM-based step generation and
scoring, forming an effective and efficient pipeline for proof-
step construction as well as proof-state filtering and ranking.
The experiments on the sel.4 verification corpus show that our
approach significantly outperforms prior baselines. Notably,
our method succeeds on a considerably higher proportion of
multi-step, nontrivial theorems, addressing a long-standing
limitation of LLM-based provers. Additional experiments on
AFP projects and translated program-verification benchmarks
further showcase strong cross-project generalizability.

Our work provides compelling evidence that proof-
step—centric neuro-symbolic search can serve as a practical
path toward scalable, automated software verification at the
systems level, e.g., operating systems kernels, network archi-
tecture, and databases. While significant challenges remain,
our results represent promising progress toward developing
Al-enabled, rigorous engineering methods for real-world com-
puter systems.

Availability. The tool, experimental data, and source code are
available at the seL.4-proof-search GitHub repository. Addi-
tionally, a prebuilt Docker image containing the seL4 verifi-
cation environment and all required dependencies is available
at Docker Hub.
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